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S U M M A R Y
This thesis a ttem p ts  to  answer the question 'Is there  an ultim ate lim it to  
the resolution o f a sonar transducer due to  sea w ater inhomogeneity?* 
The problem  has been separated into three com ponents: the sea w ater 
medium, acoustic propagation through this random  medium, and the 
e ffects  of the resu lting  phase and am plitude fluctuations on the 
perform ance of transducer arrays. The model fo r the medium is based on 
a spatial spectrum  of the fluctuations in tem perature and refractive 
index, and is divided into wavenumber ranges where phenomena such as 
turbulence or viscous dissipation dominate. The model fo r acoustic 
propagation uses the Rytov method, assuming th a t m ultiple scattering  is 
no t significant. The effects of fluctuations on array directivity were 
investigated using bo th  numerical sim ulations and theory based on the 
plane wave spectrum . Laboratory experim ents were conducted to  confirm 
aspects of the propagation theory. Experim ents a t  sea were carried ou t 
to  validate the model of the medium; profiles o f tem perature, salinity, 
sound speed and curren t velocity were measured, and good agreem ent 
w ith the model was obtained in all cases. These data  were used w ith the 
propagation theory to  determ ine spatial correlation functions of phase 
and am plitude fluctuations in acoustic signals a t a num ber of frequencies. 
Finally, these re su lts  were used to  estim ate the changes in beam pattern  
for arrays of various sizes. It was found th a t there  is a lim it to  the 
angular reso lu tion  o f a linear array, determ ined by the  w idth of the plane 
wave spectrum , and th is lim it is reached when the  length  of the array 
approaches the correlation scale of the acoustic fluctuations.
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C h a p t e r  1
IN T R O D U C T IO N
It is convenient, and in fac t normal practice, when considering the 
perform ance o f a detection or communication system  which processes 
signals from  an array of sensors to  assume the signal field in the 
vicinity o f the array to  be a plane wave. Under such a postu late, 
coherent addition o f the sensor ou tpu ts yields an ideal directivity 
function, or beam pattern, which gives the system  gain in the presence of 
noise and angular resolution -  the ability to  discrim inate betw een signals 
arriving from  differen t directions. There is, however, always some 
disparity betw een the predicted perform ance and the perform ance realised 
in practice.
In part, a t least, th is disparity may be attribu ted  to  the signal model, the 
field no t being a time invariant plane wave in the vicinity of the array. 
Real signals are likely to  be spherical or perhaps cylindrical waves 
propagating from  a point source, bu t if the propagation distance is great 
th is will have little  effect on array directivity and, in any case, is easily
1. INTRODUCTION 2
accounted for in predicting the array directional response. O ther 
determ inistic deviations from  the simple plane wave model are brought 
about by changes in the refractive index of the propagation medium, such 
as when ligh t passes through a lens, or by m ultipath in terference due to  
reflections from  a fixed boundary. Again, such phenomena are easily 
modelled.
Of g rea ter in te re st in the present work are phenomena due to  random 
inhomogeneity in the propagation medium. Random inhomogeneity is a 
property of every naturally  occurring medium, and the  sea is no 
exception. Am ongst the mechanisms leading to  such inhomogeneity are 
therm oclines and tem perature gradients, stra tification  and layering, 
surface and internal waves, bubbles, turbulence, and cu rren ts  and tides. 
These factors all contribute to  a complex time varying tem perature and 
sound speed s tructu re , on all scales from  centim etres upwards, which 
leads to  loss o f coherence and phase and am plitude fluctuations in 
acoustic signals.
The am plitude fluctuations bring about signal fading and the failure to 
d e tec t ta rg e ts  well within the theoretical range of the system . Phase 
fluctuations, however, cause loss of directivity and angular resolution of 
receiving arrays, spreading of transm itted  beams, variations in the 
apparent arrival direction of signals and fluctuations in their arrival time. 
These la tte r  phenomena, b u t the loss of directivity and angular resolution 
of receiving arrays in particular, form the  topic of th is thesis.
1. INTRODUCTION 3
The term s of reference under which the research was conducted are given 
in g reater detail below, b u t the main aim was to  investigate the e ffec t of 
fine scale inhomogeneities in the sea on the resolution achievable from  
the transducer array of a sh o rt range, high frequency sonar system . The 
environm ent of in te rest was the UK C ontinental Shelf, and the question 
to  be answered was expressed as 'Is there an ultim ate lim it to  the 
reso lu tion  of a sonar transducer due to sea w ater inhom ogeneity?’ The 
study was limited to  effects  occurring within the volume of the water. 
Reflections from the sea bed and surface and scattering  by d iscrete  
inclusions such as fish or bubbles were excluded, as were fluctuations 
due to  m otions of the source and receiver.
BACKGROUND OF PREVIOUS WORK
Like m ost aspects of sound in the sea, the fluctuations of transm itted  
sound due to  the inhomogeneous nature of the sea w ater medium were 
f irs t studied in a scientific way during W orld War II Cl]. Even a t th a t 
early stage in the history of sonar, researchers were concerned w ith the 
variability of the sound field which was found when a succession of 
single-frequency signals was transm itted  over the same path, and 
recorded via the same receiving equipm ent capable of the required high 
reso lu tion  m easurem ents o f both  the ocean medium and the fluctuating  
acoustic field, as well as the availability of the com puting power needed 
to  handle the large quantities of data involved and the com plex 
m athem atics inherent in some of the theory. This research has proceeded
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in parallel with similar work in fields such as radio astronom y and the 
atm ospheric propagation of radio waves and laser transm issions.
The quantity of literature produced by all th is e ffo rt is vast, and only a 
fraction of it  can be m entioned here. On close examination, however, it is 
found th a t there is very little  relevant oceanographic m aterial specific to  
continental shelf w aters, much propagation theory is inapplicable because 
of restric tions on frequency, range and o ther factors, and publications 
dealing w ith the effect o f the expected spatially correlated  w avefront 
fluctuations on array perform ance are very few. It is hoped however th a t 
w hat follow s represents a concise overview of w hat is relevant.
S e a  W a te r  Inhomogeneity
Here the properties of the ocean which contribute to  acoustic 
fluctuations are discussed; the so-called inhomogeneities in the project 
title . The general term s of reference fo r this project preclude the 
boundaries of the medium -  the sea bed and surface -  and also discrete 
inclusions such as bubbles, suspended sedim ents and fish, which are 
likely to  have only localised and transien t effects.
The property of direct concern is the refractive index, or ra tio  of local 
sound speed to  the mean sound speed. This is determ ined primarily by 
tem perature, which is influenced in tu rn  by the w ater motion. 
F luctuations in these quantities may be caused by a number of 
mechanisms: winds, tides, currents, waves and so on. These effects may
1. INTRODUCTION 5
be divided into 'large scale' and 'sm all scale'. The large scale phenomena 
are those  th a t affect the average properties of the medium measured over 
d istances greater than the propagation range of in terest. W hat remains is 
sm all scale, and in the p resent con tex t the dividing line is drawn a t scale 
sizes of the order of a few hundred m etres.
Am ongst the earliest investigators o f the fine scale tem perature s tru c tu re  
of the  open ocean, Liebermann C2] found a mean square tem perature 
fluctuation  of 7 x 10-4  °C, corresponding to  a mean square refractive 
index flucuation of S x 10-9 , using a therm om eter m ounted on a 
subm erged submarine proceeding a t constan t depth. He also found th a t 
the spatial correlation function of the fluctuations could be approxim ated 
by a simple exponential form, giving a mean scale size of 0.6 m. These 
values are still used as a 'rule of thum b’. Use of the exponential form  of 
the correlation function yields a good fit to  the experim ental data, b u t it 
is "unphysical" because the discontinuity a t the origin infers th a t blobs 
ex ist w ith scale sizes righ t down to  zero. M intzer [3-5] overcame this
undesirable e ffec t by use of the Gaussian form, a lthough it was no t
possible to  fit the experim ental data so well with such a correlation 
function.
C orrsin [6] derived a power density spatial wavenumber spectrum  for 
tem perature fluc tuations, assuming th a t the fluctuations were due to  
turbulence (the spatial wavenumber is inversely proportional to  spatial 
separation or length, J?, ie: ic = 2tc/ jP ). He showed th a t the one
dim ensional spectrum  should have a -5 /3  power law dependence on
wavenumber and this was verified convincingly by Grant, Hughes, Vogel
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and M oilliet [73 for tem perature fluctuations both  in a tidal channel and 
in the  open sea. The theory also showed th a t turbulence cannot 
adequately be characterised by a single mean scale size. There m ust be an 
ou ter scale determ ined by the size of the energy source, and an inner 
scale where viscosity and therm al diffusion damp ou t the fluctuations.
Medwin [83 proposed an idealised spectrum  in which the ou ter scale was 
determ ined by the depth of the observation, which lim its the la rg est size 
of tu rb u len t eddy th a t can exist, and the inner scale by the Kolmogorov 
wavenumber, which depends upon the to ta l tu rbu len t energy and the 
viscous damping forces. Batchelor [93, however, proposed th a t the inner 
scale should also depend upon m olecular diffusivity, w hilst Pao [103, 
following Corrsin [63, suggested th a t this was true  only when the 
kinem atic viscosity was much greater than the diffusion coefficient. For 
w ater, these  quantities are of the same order of magnitude so, according 
to  Pao, the  dependence should be on energy and diffusivity only. Which
viewpoint is correct remains to  be resolved.
A lthough many experim ents have confirmed the -5 /3  power law spectrum  
for homogeneous isotropic turbulence, many have shown disparities. 
Mosely and Del Balzo C113 examined the entire spectrum  and showed that, 
although Medwin’s spectrum  was an adequate description of isotropic
turbulence in an unlayered fluid, in tu rbu len t stra tified  ocean a more
com plex form  is necessary. They divided the spectrum  into the following 
m onotonically increasing wavenumber ranges:
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(1) Geophysical energy sources. Form unknown.
(2) Large stab le  eddies. Spectrum  essentially fla t.
(3) Internal waves. Power law approxim ately -2.
(4) Buoyancy effects. Power law -3.
(5) Inertial effects (turbulence). Power law -5 /3 .
(6) Dissipation. Form uncertain.
In conclusion, Mosely and Del Balzo's form for the spectrum  is the m ost 
up to  date qualitative description of tem perature, refractive index or 
velocity fluctuations in the ocean. To obtain quantitative resu lts  the 
values of a number of param eters are needed. Many of these are well 
known physical properties of the sea water, such as viscosity or 
diffusivity, bu t o thers are features of the local oceanography in the area 
of in terest. Generally, whatever conditions ex ist a t one point in the ocean 
do no t ex ist a t another, and no m ethod, empirical or theoretical, is 
available fo r predicting the values of, for example, the kinetic energy or 
the density gradient frequency a t a particu lar location. O rder-of- 
magnitude estim ates based on published experim ental resu lts  may be 
made, b u t if g reater precision is required, then in situ  m easurem ents are 
necessary.
W ave Propagation  in Random Media
When a wave, either electrom agnetic or a mechanical vibration, propagates 
through any real medium i t  is d is to rted  by many mechanisms. It is
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random  fluctuations in the wave field caused by random fluctuations in 
the refractive index which are of in te rest in th is research, and which give 
rise to  a series of phenomena th a t are superficially highly varied. In 
essence, everything am ounts to  fluctuations in the amplitude, phase and 
perhaps polarisation, bu t in observation there are fluctuations in intensity  
(scintillation), variations in the apparent angle of arrival, degradation of 
the coherence of the wavefield, spreading of directional beams, and many 
o ther seemingly unrelated effects.
Because such phenomena determine the ultim ate lim itations of optical 
telescopes, astronom ers were among the f irs t to  be in terested  in these 
effects, bu t some of the earliest work w ith direct application to  
underw ater acoustics was th a t done by Bergmann C123 in 1946. He used a 
m ethod based on geom etrical optics to  derive form ulae fo r the mean 
square fluctuations in phase and am plitude, as functions of range and 
frequency, in a medium where the mean square refractive index variation 
and its  correlation scale are known.
To overcome the lim itations of ray theory, in 1947 Pekeris [13] applied a 
perturbation  method to  the stochastic wave equation, restric ting  the 
re su lt to  the f irs t term  of the series, to  obtain new form ulae for the 
fluctuations. This was known as the Born approxim ation a fte r a similar 
technique in quantum mechanics.
In 1951, Sheehy [14] published the re su lts  of underw ater transm ission 
experim ents a t 24 kHz over ranges up to  3 km during which the 
coefficients of variation (standard deviation of the  am plitudes of a series
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of pulses expressed as a percentage of the mean) up to  50% were 
observed. It was found th a t the coefficient of variation varied as the 
square ro o t of range. Liebermann used his experim ental values for the 
properties of the medium [2] in Bergman's theory [1] in an a ttem pt to  
obtain Sheehy’s resu lts , b u t was unsuccessful as the geom etric optics 
approxim ation predicts th a t the coefficient of variation varies as the 
three-halves power of range. M intzer [3] used Liebermann's tem perature 
data in the Born approximation to  obtain good agreem ent with Sheehy’s 
resu lts . M intzer [4] then examined the range of validity of both  
geom etric optics and Born approxim ations and found th a t geom etric 
optics is valid only a t high frequencies and sh o rt ranges.
The appearance of the monographs of Chernov [15] and Tatarski [16] in 
1960 and 1961 respectively made new theoretical approaches available. The 
major innovation in these two contributions was the application of 
a m ethod originally proposed by Rytov [17]. This is a perturbation 
technique, sim ilar to  the Born approximation, b u t applied to  a logarithm ic 
transform ation  of the scalar wave equation.
It is w orth noting here th a t the question of the range of validity of the 
various propagation theories has occupied as much or more space in the 
lite ra tu re  as the theories themselves, and has continued to  be a m atter 
of contention. Barabanenkov, Kratzov, Rytov and Tatarski [18] examined 
the resu lts  of several experim ents th a t had been carried ou t bo th  in the 
USSR and in the W est. They found th a t the Rytov prediction for 
am plitude fluctuations fails only when the mean square fluctuation of the 
natural logarithm  of am plitude exceeds unity. Beyond this, the so-called
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region of strong am plitude fluctuations, Rytov's m ethod cannot be used. 
They found, however, th a t the situation differs com pletely for phase 
fluctuations, and the Rytov approximation is valid for the level of phase 
fluctuations independently of the size of the am plitude fluctuations or 
the average value of the phase. The phase correlation function is also 
correctly  predicted well into the region of s trong  am plitude fluctuations, 
a lthough ju s t how far is no t known.
Because of the breakdown of Rytov's method when am plitude fluctuations 
becom e large, o ther techniques have been tried  which take m ultiple 
scattering  into account. The m ost useful approach is to  derive partial 
d ifferential equations for propagation o f m om ents of the field [19], ra ther 
than  the field itse lf, and during the la s t 5 years there have been a 
num ber of im portant advances in this technique. As a re su lt encouraging 
agreem ent was obtained between the new theory and previously 
unexplained experim ental data. In particular, the tim e spectra  of acoustic 
in tensity  fluctuations caused by ocean internal waves [20], which failed to  
agree with the resu lts  of Rytov theory, now fitted  the predictions of the 
new theory well [21,22].
Despite these recent advances, it is found th a t for the range of 
frequencies and propagation distances relevant to  th is project the Rytov 
approxim ation is entirely suitable for the prediction of phase fluctuations, 
and th a t the m ethod is a lso  applicable to  am plitude fluctuations under 
all b u t the m ost extrem e conditions of in terest.
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A rray P erfo rm ance  D egradation
The degradation of the directivity pa ttern  of a transducer array due to  
scattering  in a random transm ission medium has received little  attention 
in the  literature.
The effects  on radio antenna directivity patterns of uncorrelated  random 
variations in both  phase and am plitude were understood in the early 
1950's [233, and such studies have usually been aimed a t finding the 
e ffec ts  of errors in the response of individual elem ents in the array. In 
the p resen t case, however, where the phase and am plitude fluctuations 
are due to  d istortion of the propagating w avefront by the medium, the 
variations are partially correlated along the line of the array.
In 1967 Bourret [24] derived an expression for the expected beam pattern 
of a continuous line aperture subject to  phase fluctuations, partially 
correlated  along the aperture, due to  propagation through a random 
medium. The refractive index s ta tis tic s  measured by Liebermann 121 were 
used to  characterise the medium. It was assum ed th a t the phase 
correlation function was linear in order to  simplify the m athem atics, and 
because of this, and o ther sim plifications, the final re su lt is suspect.
In 1962 Berman and Berman [25] derived an expression fo r the expected 
beam pattern  of a uniform line array o f omnidirectional elem ents in term s 
of standard deviation of phase fluctuations and the phase correlation 
betw een elem ents, so being able to  accommodate any arbitrary phase
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correlation function. In th is case no assum ptions were made about the 
medium. Starting from this resu lt, Brown [26] obtained the variance in 
the average pattern. Brown's resu lt is in the form  of a quadruple 
summation, and becomes com putationally unmanageable fo r arrays of 
more than a few tens of elem ents.
Lord and Murphy [27] obtained a form ula for the average directivity 
pa ttern  of either a continuous line aperture or a uniform line array, 
taking into account both  phase and am plitude fluctuations, along with 
their auto-correlations and cross-correlations. They also included the 
e ffect of the apparent change in correlation scale with ta rg e t bearing. 
A lthough this equation is in the form of a single sum m ation over the 
array elem ents, resu lts  obtained with phase fluctuations only and normal 
ta rg e t bearing are identical to  those obtained using the Bermans' equation 
which is a double summation.
O ther authors have considered the gain and directivity index of a linear 
array w ith correlated phase fluctuations (e.g. [28]), b u t there have been 
no studies of o ther param eters of in terest, the s ta tis tic s  of beamwidth 
and pointing direction for instance, as there have been fo r the case of 
uncorrelated random errors. Furtherm ore, the curren t theory does no t 
account for beam steering, array shading, non-uniform  elem ent spacings 
or o ther complicating fac to rs  th a t arise in practice. It is also noted th a t 
there has been no experim ental verification for the theoretical resu lts.
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Laboratory Experim ents
Reported experimental investigations relevant to  this research are lim ited. 
There have, however, been some experim ents carried ou t in w ater tanks 
heated from below to  create a therm al s truc tu re  similar in nature  to  the 
m icrostructure found in the ocean. This was the technique adopted in this 
project.
Between 1962 and 1965 Stone, M intzer and LaCasce [29-31] investigated 
am plitude fluctuations a t frequencies from 208 kHz to  1.5 MHz, and 
ranges between 0.9 m and 2.7 m. The size of the tank was n o t given b u t 
the power input to the heaters was s ta ted  as varying betw een 15 kW  and 
18 kW. The measured rm s refractive index fluctuation was about
1.4 x 10-4  with a mean scale size of approximately 0.035 m. At the low er 
end of the frequency range, the coefficient of variation of the am plitude 
fluctuations was found to  increase as the square ro o t of range, as
predicted by M intzer's earlier theory [3], although the actual level
observed was lower than expected. Under conditions where the  Born 
approximation should be valid the coefficient of variation was found to  
be directly proportional to  frequency, as predicted. A t frequencies high 
enough for geometrical optics to  be applicable, it was found th a t the 
coefficient of variation was independent of frequency and dependent on 
range to  the power 3/2, in accordance with Bergmann’s theory [12].
In 1969 Favret, Sederowitz and Campanela [32,33] investigated the 
correlation between am plitude fluctuations a t spatially separated receivers, 
a t frequencies between 480 kHz and 1.42 MHz, and also  the time
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autocorrelation of the fluctuations. Their tank was 1.8 m x 3 m x 1.2 m 
deep, and the rm s refractive index variation was of the order of 7 x 10 
w ith a correlation scale betw een 0.025 m and 0.05 m. Both the spatial 
and tem poral correlation functions were found to  be similar in shape to  
the time autocorrelation of the tem perature, although no com parison with 
theory was made.
In 1979 Chotiros and Smith [34] carried out amplitude fluc tuation  
m easurem ents a t 1 MHz and 9 MHz in a tank 0.9 m x 1.8 m x 0.9 m 
deep. The main aim of the experim ents was to  investigate the behaviour 
of a param etric array in a random medium, b u t it  was necessary to  
determ ine the fluctuation s ta tis tic s  for conventionally generated sound as 
a prelim inary step. Close agreem ent was obtained between the coefficient 
of variation and the resu lts  obtained with Rytov's method, b u t it was 
found th a t the transverse correlation function of the fluctuations was 
narrow er than expected. This was corrected by accounting for the narrow  
pro jector beamwidth.
More recently, Posey C3S] has been conducting experim ents in a very 
large tank (14 m x 3.7 m x 3.7 m) at frequencies in the range 800 kHz to
2 MHz. H eaters a t the bo ttom  of the tank are being employed but,
because it was considered th a t localised heating of the w ater may 
generate degassification bubbles which could contribute to  scattering , 
surface cooling has also been used to  generate the therm al
m icrostructure. Initial analysis shows no difference between re su lts  
obtained using coolers and those obtained using heaters, so i t  is
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concluded th a t degassification bubbles do not contribute significantly to  
scattering  when compared with therm al m icrostructure.
The experim ental programmes discussed here have investigated am plitude 
fluctuations throughout the ranges o f validity of geom etric optics, the 
Born approxim ation and Rytov’s m ethod b u t there have been no laboratory 
investigations of phase fluctuations. In the p resen t research it was 
necessary th a t theoretical estim ates of bo th  the level and correlation 
function of phase fluctuations be confirm ed before the effects on array 
directivity could be considered.
E xperim ents a t S e a
There have been many experim ental investigations of acoustic fluctuations 
conducted a t sea, and to  lis t them all is beyond the scope of this review. 
Table 1.1 gives brief details of a representative selection, as well as the 
references from  which the inform ation was obtained [36-481. The 
experim ents are listed  in ascending frequency order, and it  is clear tha t, 
although the range from a few Hz to  about 20 kHz has been well 
covered, there have been few experim ents a t the higher frequencies w ith 
which th is study is concerned. Only experim ents 11, 12 and 13 in the lis t 
are of direct in terest.
Experim ents 12 and 13, w hilst using relevant frequencies and propagation 
ranges, investigated amplitude fluctuations only and were carried o u t 
under slightly artificial conditions (Experiment 12 in a shallow  fresh
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w ater reservoir and Experim ent 13 very close to  the shore in the Bristol 
Channel) n o t likely to  represen t conditions a t sea.
Table 1.1 
Sum m ary o f Published E xperim ents a t  S e a
EXPERIMENT
NUMBER
FREQUENCY RANGE LOCATION REFERENCE
1 LF BROADBAND 0 -6 0  km NORTH
ATLANTIC
36
2 LF BROADBAND 5 km MEDI­
TERRANEAN
37
3 30 -  120 Hz 0 -5 0 0 0  km ATLANTIC 38
4 115 -  400  Hz 140 km ATLANTIC 39
5 400  Hz 80-1000 km ATLANTIC 40, 41, 42
6 1 -  4  kHz 3.9-137 km COASTAL 43
7 4 -  8 kHz 17 km NE PACIFIC 20
8 8 - 1 3  kHz 0 -  5 km MARGINAL 
ICE ZONE
44
9 14.3 kHz 7 0 -5 0 0  m COASTAL 45
10 24 kHz 100-3000 m PACIFIC 14
11 86 kHz 660 m TIDAL
CHANNEL
46
12 150 kHz 150-650 m RESERVOIR 47




Experim ent 11 is more interesting. In th is te s t, sh o rt pulses at 86 kHz 
were transm itted  along a 660 m path traversing Cordova Channel, BC, 
Canada. The transm itte r and receivers were sited on tripods in IS m 
w ater depth, and the channel was about 35 m deep a t the centre. The 
flow in this channel was very tu rbu len t and for much o f the tidal cycle 
was well mixed, allowing little  chance fo r an internal wave field to  
develop. Both phase and amplitude fluctuations were recorded, and initial 
analysis showed good agreem ent with predictions using Rytov's m ethod, 
bu t fu ll details of the resu lts  were no t available a t the tim e of writing.
In general, then, there has been little  experim ental investigation a t sea of 
acoustic fluctuations in the frequency range of in terest. The situation is 
sim ilar with environmental investigations. Very few oceanographic surveys 
of tem perature or sound speed m icrostructure have been carried out in 
shallow  coastal or continental shelf w aters. Some of those  of in te rest 
have already been mentioned briefly under the heading ’Sea W ater 
Inhomogeneity’ above, and will no t be discussed further, b u t one 
experim ent of direct relevance was carried out by Black [49] in 1965. He 
towed a therm istor chain over the continental shelf o ff California, and 
perform ed structu re  function analyses a t 34 depths evenly spaced from 
the surface to  234 m. When converted to  power spectrum  notation his 
re su lts  show power laws between -1.66 and -2.33, and dem onstrate th a t 




The prime objectives of th is research programme were defined initially by 
ARE Portland, who supported the work, and may be sum m arised as 
follows: to  investigate the e ffec t of fine scale inhom ogeneities in the  sea 
on the reso lu tion  achievable from the transducer array of a sh o rt range, 
high frequency sonar system . The environment of in te rest was the  UK 
C ontinental Shelf, defined in this con tex t as depths to  200m. The 
frequency range was 30kHz to  1MHz with a sonar range of about 1km a t 
the low er frequency, reducing to  about 100m a t the higher frequency.
The question to  be answered was expressed as ’Is there an u ltim ate  lim it 
to  the reso lu tion  of a sonar transducer due to  sea w ater inhomogeneity?'
In order to  re s tric t the programme to  manageable proportions, and to  
concentrate  on w hat was considered to  be one major aspect o f the 
overall problem , the study was limited to  effects  occurring w ithin the 
volume o f the water. Reflections from the sea bed and surface and 
scattering  by discrete inclusions such as fish or bubbles were excluded, 
as were fluctuations due to  motions of the source and receiver.
From the review of previous work given above it is clear th a t a num ber 
of areas required further study in order to  achieve these objectives. The 
degrading effects  of fluctuations in the incident acoustic wave on 
transducer array perform ance had received little  previous a tten tio n  and 
required fu rth er investigation but, from the earlier work, it  was obvious 
th a t it was necessary to  know the spatial correlation function o f the
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am plitude and phase fluctuations in the incident acoustic wave in order 
to  proceed.
The acoustic propagation theory needed to  predict these correlation 
functions was available, although there was previously no experim ental 
confirm ation of the phase predictions, bu t before th is could be applied a 
knowledge of the particular medium of in te rest was required. The 
continental shelf environment, and inhomogeneities occurring on scale 
sizes relevant to  the p resen t study were both  topics th a t had been 
neglected previously.
These points essentially  defined the work th a t had to  be done, bu t the 
available resources had also to  be considered. The final arb iter in any 
theories relating to  ocean acoustics m ust be observations actually made 
a t sea. But such observations are expensive and, because the acoustic 
propagation theory was fairly well established and because sm all scale 
laboratory experim ents designed to  measure am plitude fluctuations had 
been successfully  conducted by earlier investigators, it was decided th a t 
laboratory m easurem ents would suffice to  validate the phase fluctuation 
predictions of the particular propagation theory to  be used. Time 
available a t sea could then be concentrated on gathering environmental 
data which was not available by any o ther means.
Thus, the project has progressed in a number of phases: an initial 
litera tu re  review, theoretical investigations and m athem atical modelling, 
sm all scale laboratory experim ents to  confirm propagation theories and, 
finally, environm ental m easurem ents a t sea. In each phase the study was
1. INTRODUCTION 2 0
fu rth er divided into three  main areas: the random sea w ater medium, 
acoustic propagation through this random medium and the effec ts  of 
fluctuations in the phase and amplitude o f the received signal on the 
perform ance of arrays.
LAYOUT OF THE THESIS
The thesis is arranged more or less in the order in which the w ork was 
carried out, although it should be realised th a t many apparently 
independent areas are in terrela ted . The theory, for example, relies on the 
re su lts  of the experim ental work. Because of this, much of the study has 
progressed in an iterative manner, and the description given in th is thesis 
is essentially  the final resu lt.
This f irs t Chapter has presented an overview of the relevant lite ra tu re  
and discussed the background of previous work. The overall subject has 
been separated into its  various components: firstly  the inhom ogeneities in 
the sea them selves, secondly their influence on sound propagation, thirdly 
the perform ance of a receiving transducer in the perturbed sound field, 
and finally laboratory experim ents and experim ents a t sea.
C hapter 2 discusses the theoretical models developed during this 
research. A model fo r the random  ocean medium is presented in the  form 
of an empirical one-dim ensional refractive index wavenumber spectrum . 
This idealised spectrum  is represented as a series of s tra ig h t lines 
betw een specified boundary wavenumbers on a log-log  plo t. The theory
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of wave propagation in random media is discussed and the lim its of 
applicability of the various techniques considered. I t  is shown the  Rytov’s 
method is valid fo r all b u t the very w o rst conditions within the term s of 
reference. The e ffects  of fluctuations on array directivity are then 
described. Equations fo r the average beam pattern and its  variance are 
given, b u t it is noted th a t the time taken to  evaluate these quantities 
becomes excessive fo r arrays of more than about ten elem ents.
In C hapter 3 a M onte Carlo numerical simulation scheme is presented  
which can produce equivalent re su lts  more efficiently, and also gives 
sta tis tic s  not available from  analytical m ethods. Example re su lts  are 
compared with those obtained using the analytical form ulae.
Chapter 4 details the sm all-scale laboratory experim ents th a t were 
conducted to verify the acoustic propagation theory. An array of heating 
elem ents a t the bo ttom  of a w ater-filled  tank was used to  generate 
therm al m icrostructure similar to  th a t found in the ocean. Tonebursts, 
with frequencies betw een 50kHz and 200kHz, were transm itted  through 
this random medium and m easurem ents made of the variance and spatial 
correlation of bo th  phase and am plitude fluctuations. Com parisons w ith 
the theory of C hapter 3 are given, and good agreem ent is noted.
Chapter 5 describes the experiments a t sea carried o u t a t various 
locations on the UK Continental Shelf to  obtain relevant m icrostructure  
data. High spatial resolution vertical profiles were taken using an 
instrum ent package carrying tem perature, salinity, sound speed, depth, 
current velocity and o ther sensors. Horizontal s tru c tu re  was m easured a t
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those  depths showing a high level of fluctuation  using a specially bu ilt 
tow ed fish carrying tem perature, salinity, sound speed and depth sensors. 
The instrum entation and the surveying procedures are described and 
typical examples are given of vertical and horizontal profiles, along with 
associated  spectra  and com parisons w ith the predictions of the model 
presented  in C hapter 2.
In C hapter 6, the m easured environmental data from  C hapter 5 are 
combined w ith the propagation theory of C hapter 2 to  estim ate the 
correlation functions of medium induced phase and am plitude fluctuations 
in an acoustic signal a t a num ber of frequencies within the range of 
in te rest. These resu lts  are then used w ith the array beam pattern 
sim ulation m ethod of C hapter 3 to  investigate the e ffect o f fluctuations 
on the resolution achievable from  a transducer array, which is the prime 
objective of this research as defined above. Typical beam patterns are 
presented, along w ith s ta tis tic s  of beam widths, main beam sensitivities 
and o ther param eters of in terest.
C hapter 7 gives a summary of the work com pleted to  date and the 
objectives achieved. Areas requiring fu rther study are suggested, and the 
overall conclusions of the research programme are presented.
Finally, a number of appendices are included which give a lis t of the 
sym bols used in this thesis, derivations of various equations, and fu rther 
background inform ation which would be ou t of place in the main tex t.
C h a p t e r  2
THEORY
Over the p ast two or three decades a g reat deal of e ffo rt has been pu t 
into the developm ent of theoretical models for both  the random  struc tu re  
of the ocean and its  effect on sound propagation. Some of the theories 
have been discussed in the previous Chapter, where it was noted th a t 
little  of this earlier work is directly applicable to  the p resen t study. 
Because of this it has been necessary to  modify the existing theories, or 
to  develop new ones, in the course of this research.
The medium has been m odelled by an empirical one dimensional refractive 
index wavenumber spectrum  originally form ulated in an underw ater 
acoustics con tex t by Medwin [8] from  m easurem ents in the upper ocean. 
Medwin's idealised spectrum  was represented as s tra ig h t lines on a 
log-log p lo t, equivalent to  a series of pow er-law  ranges, and was based 
on classical turbulence theory. A model based only on isotropic 
turbulence would be inadequate where the w ater column was stratified , 
and the theory necessary to  account for buoyancy effects has been 
included in the model.
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The ranges of validity of the various theories o f wave propagation in 
random  media have been investigated and, although it was though t a t an 
early stage in the project th a t m ultiple scattering  would be significant, it 
was found th a t Rytov’s m ethod [15-17] was applicable for all b u t the very 
w o rst conditions within the term s of reference. The existing theory 
provides equations for the variance and spatial correlation functions of 
bo th  phase and am plitude fluctuations fo r plane waves and spherical 
spreading. In the plane wave case some sim plification has been possible, 
and the re su lts  are expressed in the form  of an in tegral transform  of the 
p roduct o f the refractive index spectrum  and a spectra l f ilte r function. It 
was no t found possible to  simplify the spherical spreading equations to  
the same degree, and the re su lts  for the correlation  functions have been 
le f t in the form of a double integral which m ust be evaluated 
numerically.
Equations, based on the lim ited existing theory, were developed fo r the 
expected average and variance o f the beam pattern of a uniform line array 
in the presence of w avefront fluctuations. These equations are easily 
evaluated using a com puter, although the com putation of the  variance 
was found to  become excessively time consuming for arrays of many 
elem ents. Because o f this a numerical sim ulation scheme was developed 
to  produce the same resu lts , as well as o ther s ta tis tic s  such as the 
variation o f beam pointing direction.
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THE MEDIUM
Theoretical analyses of the random  tem perature s tru c tu re  in the ocean 
generally assum e th a t tem perature is a passive additive quantity, th a t is 
i t  is carried by bu t does not contribute to  the w ater motion.
This assum ption is obviously not stric tly  valid, as the mean tem perature 
gradient, through its  effect on density, does directly influence the 
velocity struc ture . The fine scale tem perature fluctuations of in te rest 
here, however, are so small as to  have no appreciable e ffec t on the mean 
velocity field, and tem perature may reasonably be considered passive in 
th is context.
If th is assum ption is accepted, than the spatial spectrum  of random 
tem perature fluctuations may be expected to  follow  closely the velocity 
spectrum  of the fluid motion, and can be modelled as a series of power 
law ranges based on the Kolmogorov spectrum  [9] for isotropic 
hom ogeneous turbulence, as proposed by Medwin [8].
A lthough a one dimensional spectral model is developed here, it  is often 
the spatial correlation function th a t is measured in experim ents. A 
discussion of spectra, correlation functions and o ther descriptive 
s ta tis tic s  will be found in Appendix B, where the re lationships between 
spatial and tem poral descriptions are also discussed.
Medwin’s spectrum  is sketched in Figure 2.1 and in order of increasing 
wavenumber may be described by: a low wavenumber source range
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Fig. 2.1 1 Typical* wavenumber sp e c tra  fo r tem pera tu re  fluctuations (solid lines)
and idealised form (dashes), a f te r  Medwin C83.
wherein tem perature variance is established by, for instance, waves, tides 
and currents; a transition range dominated by large stab le  eddies; an 
inertial range (sometimes referred  to  as a convective range in the  case of 
tem perature) where the tu rbu len t motion is homogeneous and iso tropic  
and where energy cascades tow ards higher wavenumbers; and a dissipation 
range where energy is dissipated through viscous forces, and tem perature  
and salinity fluctuations are sm oothed by diffusion.
A model such as this has been convincingly verified by experim ents a t 
sea, such as those of Grant et. al. [7], for conditions where the  w ater 
column is well mixed, and in laboratory experim ents, such as those  of 
Chotiros and Smith C341, where a w ater tank is heated from  below. In a 
stra tified  ocean, however, the density gradients elim inate the  iso tropy of
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fluc tuations in the vertical direction. One well known consequence of 
these gradients is the presence of in ternal waves whose influence on the 
tem perature  spectrum  is fe lt a t low wavenumbers betw een the source and 
inertial ranges.
Due to  the density gradients, vertical buoyancy m otions o ther than 
in ternal waves may occur, as has been dem onstrated by Black's 
m easurem ents [49]. These buoyant velocity m otions induce a tem perature 
spectrum  exhibiting a -3 power law fo r an interval of wavenumbers 
betw een internal waves and turbulence. This phenomenon has received 
little  atten tion , possibly because of the recent concentration of in te rest 
in in ternal waves.
The idealised spectrum  including these additional contributions is shown 
schem atically in Figure 2.2. It should be noted a t th is stage that, 
depending on factors such as the density gradient and the kinetic energy 
of the w ater motion a t the location of in terest, the various spectral 
ranges may overlap or occupy d ifferen t relative positions, or else some 
ranges may not be p resen t a t all. Because of this, certain re su lts  from 
the experim ents a t sea described in C hapter 5 have been anticipated in 
w hat follow s, and the resulting model is stric tly  valid only fo r the sea 






















Fig. 2 .2  Sketch of tem pera tu re  wavenum ber spectrum  including all contributing 
fluctuation m echanism s.
The W avenum ber S pectrum
The idealised spectrum  shown in Figure 2.2 encom passes the entire 
wavenumber range, equivalent to  scale sizes from m illim etres to  
kilom etres. I t was pointed ou t in C hapter 1, th a t in the p resen t con tex t 
only sm all scale sizes of less than a few hundred m etres are of in terest. 
Because o f th is a restric ted  form of the spectrum  has been adopted, and 
th is is shown in Figure 2.3.
This restric ted  spectrum  com prises of four ranges: the source range, the 
buoyancy range, the inertial range and the dissipative range, separated by 
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Fig. 2 .3  Final form  of the  idealised tem p era tu re  wavenum ber spectrum .
Geophysical sources, large scale eddies, internal waves and all o ther large 
scale phenomena are lumped together in the low wavenumber source 
range. The form  of the spectrum  in this range is typified by its 
variability and depends upon location, time of day, time of year and many 
o ther facto rs. Consideration of the re su lts  o f the experim ents a t sea 
(Chapter 5) suggests, however, th a t the source range spectrum  is either 
level down to  wavenumbers sm aller than the lim it of the m easurem ents, 
or else fa lls  gradually with reducing wavenumber. There are m athem atical 
d ifficulties associated with a level spectrum , so Medwin’s example [8] 
will be follow ed and it will be assumed th a t the source range spectrum  
rises linearly from  zero a t zero wavenumber. This assum ption is no t 
critical as it was dem onstrated by Medwin C81 th a t the contribution of 
the source range to  acoustic fluctuations is sm all.
The buoyancy and inertial ranges are retained as in the fu ll-range model 
of Figure 2.2, and will be discussed in detail below.
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The form  of the spectrum  in the dissipation range is som ew hat 
controversial [10], b u t it  is known th a t the level falls o ff rapidly a t high 
wavenumbers and th a t the contribution of th is range to  the to ta l variance 
of tem perature is small. I t is therefore assum ed th a t the spectrum  
effectively cu ts o ff above the inertial range and is se t to  zero in the 
dissipation range.
The Buoyancy and Inertial Ranges
The form  of the spectrum  in the inertial range is well established, and 
based on the Kolmogorov spectrum  [6] for tu rbu len t fluid m otion which 
predicts a -5 /3  power law in one dimension (assuming isotropy). If the 
tem perature acts as a convected passive contam inant then tem perature 
fluctuations follow  the velocity behaviour in this range and the 
tem perature spectrum  is also expected to  obey the five-th irds law. A 
dimensional analysis for the spatial power spectrum , ®T(ic), of the 
tem perature fluctuations is given in Appendix C and leads to  the 
equation:
f c j i c )  = 0 £ e -1 /3  k-S /3  (>cK * ic < lc ) (2.1)T b p
where n is the spatial wavenumber (k = 2tc/JP, where J0 is length), 0 is a 
dimensionless constant, generally taken as 0.59 [11], £ is the to ta l ra te  of 
dissipation of tem perature variance and e is the ra te  of dissipation of 
kinetic energy per unit volume.
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A fu rther dimensional analysis, again given in Appendix C, may be used 
to  extend this re su lt to  obtain a combined buoyancy-inertial range 
spectrum , given by
®T(C) = P I E~1/3 [1 + (Kb / c ) 4 /3 ] « : 'S/'3 (Km S K < Ko) (22)
where is the buoyancy wavenumber given by
icb = C3 /4  N3/2  e_1/2 (2.3)




Here, g is the acceleration due to  gravity, p is the w ater density and z is 
depth below the sea surface.
The spectrum  given by Equation (2.2) is valid for wavenumbers betw een 
icm, the lower lim it of the buoyancy range, and ic , the upper lim it of 
the inertial range. The buoyancy wavenumber, marks the boundary
betw een the buoyancy and inertial ranges, and it is obvious th a t for 
kt »  icb (ie. in the inertial range) Equation (2.2) reduces to  Equation (2.1), 
as would be expected, with a -S /3  power law dependence on xr. A t lower 
wavenumbers, however, the power law becomes (-5/3) + (-4 /3) = -3.
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The relative im portance of the -3 and -5 /3  spectral ranges depends upon 
the value of ic^, which in tu rn  is a function of the Brunt-Vaisala 
frequency, N. In strongly  stra tified  w ater there will be large local density 
gradients, resu lting  in a high value fo r N, and the buoyancy range will 
dom inate the  spectrum . Conversely, where there is little  stra tification , N 
will have a low value and the inertial range will dominate.
The Limiting W avenum bers
The low er lim it fo r the buoyancy-inertial range, ic , depends upon the
physical size restric tion  imposed by the boundaries of the medium on the
la rg est buoyant oscillations o r tu rbu len t eddies. Chotiros and Smith [34 3
showed th a t if there  are restrictive boundaries in M directions then ic ism
given by
where the L are the distances to  the M boundaries and K is a constant, m
In the  ocean the lateral boundaries are well removed, the only 
restric tions being the surface and the sea-bed, and the constan t K is 
determ ined empirically to  be 1/4, from  the resu lts  of the experim ents a t 




IC ( tc /4 )  [ 1 / z  + 1 / (h -  z) 3 (2 .6)m
where z is the depth  of the observation, and h is the w ater depth.
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The upper lim it of the buoyancy-inertial range may be determ ined by 
considering the form of the spectrum  in the dissipative range given by 
Pao CIO], where the inertial range spectrum  is modified by an exponential 
term :
where D is the therm al diffusion coefficient. I t is clear th a t when the 
wavenumber is sm all, and the argum ent of the exponential is sm all and 
negative, this additional term  has negligible effect, bu t as wavenumber 
increases and the argum ent of the exponential approaches -1, the 
spectrum  decreases rapidly. The upper lim it of the buoyancy-inertial range 
Cp is given by the wavenumber a t which this argum ent becomes -1, ie.
1 /3  ^ - S / 3 e x p [ - ( 3 p / 2 ) D E _ 1 / 3 i c 4 / 3 ]  (ic > <h ) ( 2 . 7 )
ic = ( 3 P / 2 ) " 3 7 4  ( e / D 3 ) 1 / 4 ( e / D 3 ) 1 / 4 (2.8)
The Idealised S p ec tru m
The final form of the tem perature spectrum  may now be w ritten .
0 _ ( i c )  = -
T
1C £  1C








The slope of the spectrum  in the source range has been se t so th a t the 
source range coincides w ith the buoyancy range a t the boundary 
wavenumber, ic , and to  preserve the simplicity of the idealised form  of 
a sequence of power law ranges, the buoyancy and inertial ranges have 
been separated, with negligible loss of accuracy.
From Appendix B, the spectrum  is re la ted  to  the tem perature variance 
<T2> by the equation
Although it is the tem perature spectrum  th a t will be m easured in 
experim ents, it is the refractive index spectrum  th a t is required by 
acoustic propagation theory. Defining the refractive index deviation, p, as
<D (icldic (2 .11)
which may be evaluated to  give the fac to r
(2.12)
H = c/c0 - 1 (2.13)
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where c is the local sound speed and cQ is the mean sound speed, it  is 
easily shown th a t
<p2> = <T2> (dc/dT )2 /  c 2 (2.14)
and hence
<& (»c) = Ot (»c) (dc /dT )2 / c 2 (2.15)
This la s t equation suggests th a t the model fo r the refractive index 
fluctuation  spectrum  is now com plete. U nfortunately, there appears to  be 
no m ethod, empirical or theoretical, fo r predicting the values of e, £ and 
N, and they m ust either be taken as 'typical* values or m easured in-situ . 
The Brunt-V aisala frequency, N, requires a knowledge of the density and 
density gradient and these may be calculated from  tem perature and 
salinity profiles. The kinetic energy dissipation ra te  may be com puted 
from a curren t velocity profile using the equation 150]
s = 7.5 v (d u /d z )2 (2.16)
where v is the kinematic viscosity and u is the magnitude of the 
horizontal com ponent of the curren t velocity (ie. du/dz  is curren t shear).
It is noted th a t Equation (2.16) s tric tly  only applies to  isotropic 
turbulence, and if the velocity s truc tu re  is no t due to  turbulence alone or 
is no t isotropic the numerical coefficient will change from  7.5 to  a low er
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value. O sborn [50] has estim ated th a t the value will always be g rea ter 
than 2, and th a t it is realistic to  change the fac to r to  5 ± 2.5.
It is no t necessary to  know the ra te  of dissipation o f tem perature 
variance, 1;, specifically as the facto r Om (Equation (2.10)) can be obtained 
using Equation (2.12) if the tem perature variance has been measured.
As the necessary param eters are obtainable from  vertical profiles, i t  is 
no t necessary to  carry ou t horizontal profiling operations to  estim ate the 
horizontal fluctuation spectrum . Nevertheless, unless estim ates of 'typical' 
values are considered adequate, in -situ  m easurem ents are s till required. 
This point is discussed fu rther in C hapter 5 in connection w ith the 
experim ents a t sea.
WAVE PROPAGATION IN A RANDOM MEDIUM
There ex ist many theoretical treatm ents of wave propagation in random  
media, some of which were examined in C hapter 1, and the choice of a 
suitable model for the presen t application depends upon many factors. 
The m ost im portant param eters are propagation range and frequency and 
the scale size and mean square variation of the refractive index 
inhomogeneities.
Before proceeding to  discuss the propagation theories them selves, the 
range of validity o f the various treatm ents will be examined to  determ ine
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which approaches are applicable in the conditions relevant to  the p resen t 
research.
Choice o f Model
As indicated in C hapter 1, the relevant theories of wave propagation in 
random  media may be divided into three groups:
(1) Ray Theory.
(2) Wave Theory -  Single Scattering
(3) Wave Theory -  M ultiple Scattering
F urther sub-divisions are possible and, of particular in te rest are the two 
wave theoretical approaches: the Born approxim ation and Rytov’s method. 
It should be noted th a t these different approaches are not necessarily 
m utually exclusive; the resu lts  obtained using Rytov’s m ethod, fo r 
instance, are the same as those produced by either the Born 
approxim ation o r by Ray theory when the la tte r  are valid.
The ranges of validity of the various theories may be sum m arised as 
follow s: m ost require th a t both  the propagation range and the
inhom ogeneity scale size be large compared with the acoustic wavelength. 
The f ir s t condition is expressed by the inequality
kL »  1 (2.17)
2. THEORY 38
where k is the acoustic wavenumber, k = 2tz/X, and L is the propagation 
range. The second condition is given by
ka »  1 (2.18)
where a is a representative inhomogeneity scale size. This scale size is 
usually taken as the mean or correlation scale for the fluctuating  medium 
(see Appendix B, Equation (B.17)), b u t where the fluctuations occur on a 
broad range of scales it may be necessary to  use o ther representative 
scale sizes when considering the ranges of validity o f the various 
theories.
If ray theory (or geom etric optics) is used, diffraction is ignored, and an 
additional restric tion  on the range of validity applies, given by the 
inequality
4L /ka2 < 1 (2.19)
This condition res tric ts  ray theory to  the near field, or Fresnel zone, 
associated w ith the inhomogeneity scale size.
o
When 4L/ka > 1 diffraction effects become im portant, and one way to  
include diffraction is to  apply the Born approxim ation [13]. As a starting  
point, the scalar wave equation is in tegrated to  give an equation fo r the 
sound field o f the following form:
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u(r) = u Q(r) + k 2 I G (r ,r )  p(r') u (r ‘) d r (2 .20 )
where p(r) is the random  deviation of the refractive index which is a
function of position r, u (r) is the complex am plitude of the sound field, 
u Q(r) is the  field in the absence of refractive index fluc tuations 
(p(r) = 0)), and G (r ,r ’) is the Green's function, given by
The unperturbed  field, uQ, may be substitu ted  for u in the integral to  
obtain the f ir s t  iteration  solution u . Repeating this iteration, a series 
expression fo r u can be developed. The firs t iteration, u , is known as 
the Born approxim ation, and the method remains valid as long as the 
difference betw een successive iterations remains small. This is equivalent 
to  requiring th a t the am plitude fluctuations remain sm all, and the 
norm ally accepted restric tion  [4] is:
Rytov’s m ethod is sim ilar to  the Born approxim ation in th a t it  is a 
pertu rbation  technique, bu t applied to  a transform ation  of the scalar 
wave equation. The m ethod does include bo th  the Born approxim ation and 
geom etrical optics as special cases, bu t does not extend the lim itations 
on these  techniques as much as originally claimed [18]. In the approach 
adopted by Tatarski [16], the substitu tion  u = exp (<J>) is made in the 
scalar wave equation, leading to  the Riccati equation:
(2 .21)
L < l / ( k 2 < p 2 > a ) (2 .22)
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(2.23)
iSIf u = Ae , where A and S are the am plitude and phase of the wave
respectively, then <J> = x  + IS, where x  ~ JkiK. Therefore x> the logarithm  
of the am plitude (log-am plitude), is the real p a rt of and the phase S 
is the imaginary part.
Equation (2.23) may be converted to  an integral equation o f sim ilar form  
to  Equation (2.20), and a solution by the perturbation technique follow s 
in much the same manner as in the Born approximation. This approach is 
applicable th roughout the range of validity of the Born approxim ation, 
although how far into the region of large fluctuations it may be used 
remains a m atte r of debate. A conservative extended condition fo r the 
prediction o f am plitude fluctuations was given by de W olf [513; it  is 
simply th a t rays do not curve appreciably, and may be expressed as
The situation is more straightforw ard  when considering phase 
fluctuations. Experim ental re su lts  [18] show th a t Rytov’s m ethod proves 
to  be applicable even in the presence o f very strong  am plitude 
fluctuations. Furtherm ore, the  resu lts  of calculating phase fluctuations 
by Rytov’s m ethod are practically the same as those obtained using the 
Born approxim ation or ray theory, which implies th a t any o f these  
m ethods may reliably be used to  calculate phase fluctuations even when
L < l / « p (2.24)
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the am plitude fluctuation  predictions have broken down because o f 
m ultiple scattering.
In order to  re la te  these restric tions to  the p resen t application, the ocean
tem perature fluctuation  param eters m easured by Liebermann C2] will be
taken as ’typical’ (although the resu lts  of the experim ents a t sea, given in
C hapter S, will show th a t considerable variation about these values can be
expected). He found a m ean-square tem perature fluctuation of 7 x 10-4  °C2,
2  ~ 9corresponding to  a m ean-square refractive index fluctuation, <p >, of 5 x 10 ,
and a mean scale size of 0.6m. Using these resu lts , the ranges o f validity 
of various theoretical approaches are shown in Figure 2.4, on a p lo t o f range 
versus the acoustic frequency. The area of in te re st in the p resen t project, 
as specified in C hapter 1, is outlined by the heavy solid line. The do tted  
line represen ts the lim it of validity of ray theory (Equation (2.19)); the 
theory may be used fo r combinations of propagation range and frequency 
lying below the line, and i t  can be seen th a t this is no t the case 
throughout much of the area of in terest.
The sh o rt dashes rep resen t the lim it of validity of the Born 
approxim ation (Equation (2.22)). M ost of the area of in te re st is w ithin 
th is limit, b u t it is exceeded a t the highest frequencies and g rea tes t 
ranges.
The long dashes show the lim it o f Rytov's m ethod (Equation(2.24)), and 
th is (just) lies outside the area of in te rest a t all frequencies and ranges. 
From the re su lts  of the experim ents a t sea (Chapter 5), the level of
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Fig. 2 .4  Limits of validity in the Ocean of Geometric Optics (dotted line), the 
Born Approximation (short dashes) and Rytov's method (long dashes) 
The a rea  of interest lies within the heavy lines.
refractive index fluctuations, <p >, is expected to  be g reater in shallow 
coastal w aters than the value given by Liebermann for the open ocean, 
which will have the effect of reducing the limiting propagation range, but 
this will be com pensated to  some ex ten t because the fluctuation  scale 
size, a, is also expected to be greater.
It should also be remembered tha t Equation (2.24) does no t represent a 
c u t-o ff  beyond which the theory does not work, but merely means that, 
as the lim it is exceeded, theoretical predictions will gradually depart 
more and more from measured results. Furtherm ore, the lim it applies 
only to  the calculation of amplitude fluctuations. Phase fluctuations,
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which Eire more im portant when considering the degradation of array 
directivity, are correctly  predicted a t much greater ranges.
Thus it may be concluded th a t Rytov’s m ethod is valid in th is application, 
and th a t there is no need to  consider the more complex theory of 
m ultiple scattering.
Plane and S pherical W aves
In the presen t application, the signal being considered is the echo 
returned to  a sonar transducer from  some ta rg e t in the sea. Lacking any 
specific inform ation about this target, and because the influence of the 
sea surface and bottom  is specifically excluded in the term s of reference 
(Chapter 1), the ta rg e t may be considered a point source suspended far 
from any boundaries. If the refractive index were non-random  and not 
position dependent, the acoustic field would be a spherical wave. Instead, 
the refractive index is a random  function of position, and the problem  is 
to  find the average and spatial correlation of the acoustic field.
Much of the lite ra tu re  (eg. [15,16]) is concerned no t w ith the above 
spherical wave problem bu t w ith a situation in which plane waves impinge 
upon a half space with random refractive index. In astronom y, the  two 
configurations are called the 'radio link problem ' (spherical) and the 'radio 




Fig. 2 .5  Geometry used to  calculate minimum range fo r  the  plane wave 
approximation.
In practice, near the source where the w avefronts are m ost curved the 
propagating wave m ust be regarded as spherical, b u t beyond a certain 
distance the curvature is small enough fo r the  w avefront to  be 
considered planar, and the observed signal fluc tua tions will lie betw een 
the plane and spherical wave predictions. The tran sitio n  distance dejpends 
upon the inhomogeneity scale size, a. Scattering from  an inhomogeneity a t 
a distance Lg from  the source depends upon th e  w avefront a t th a t 
distance within a transverse ex ten t a. With a criterion of not more than 
tc/ 16 radian (X/32) departure from  plane wave phase, i t  may be deduced 
from the geometry shown in Figure 2.5 th a t the range L m ust be greater 
than 4a2/X.
In fac t this usual far field condition, which is equivalent to  the lim it of 
validity of geom etric optics (Equation (2.19)), can be replaced by a condition 
which is less restrictive when a > X, given by the inequality C52J:
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L > 4 a (a /X )1/2 (2.25)s
Figure 2.6 shows this range p lo tted  against frequency for scale sizes of 
0.6m and 6.0m. Spherical spreading theory applies for ranges below  the 
relevant line, w hilst above the  line, plane wave propagation theory m ust 
be used. The area of in te rest is again shown by the  heavy line.
i 0 0 0 0  E-
a=6 . 0





a = 0 . 6uu
10M10k 100k 1M
FREQUENCY /  Hz
Fig. 2 .6  Minimum range fo r Plane Wave Approximation plotted against 
frequency for refrac tive  index fluctuation scales of 0.6m  (solid line) 
and 6.0m  (dashes). The a re a  of in te res t lies within the heavy lines.
The conclusion drawn from th is figure is tha t, for m ost range/frequency 
com binations within the area of in terest, the observed signal fluctuations 
will lie betw een the predictions of plane wave and spherical spreading 
theory. Thus both  situations m ust be considered.
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Plane W ave Form ulation
Using Rytov's m ethod, Ishimaru [S3] derived three equations which 
co n stitu te  the basic expressions for the spatial correlation functions of 
log-am plitude and phase fo r a plane wave propagating over a d istance L 
in a random  medium with a known refractive index wavenumber spectrum  
Only the transverse correlation functions, normal to  the direction 
of propagation, need be considered, as the acoustic field is a lm ost 
com pletely correla ted  along the line of propagation [IS].
The plane wave correlation functions are, for log-am plitude, y:
J L  n  GOo J o  j 0<cr) * 4 % - /  g2J * ‘V k) dicd,> <2-26>
for phase, S:
Cs (L,r) = (27ck)2 J o J q J0 (icr) cos2[ (L2~ 7)) x:2 J  k ) dx: di\ (2.27)
and the cross-co rrela tion  betw een log-am plitude and phase:
Cx S (L,r) = (2*k)2 J o J ” j 0 ( .r )  s i n [ ^  K2]
X c o s p ^ . 2 ] . * ^ )  djcdT] (2.28)
where r  is spatial separation norm al to  the direction o f propagation and 
J Q is the Bessel function of zero order.
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W ithout fu rther inform ation, it  m ust be assum ed th a t the spectrum
does not depend upon position, so the integration variable tj only appears
2 2 in the sin term  in Equation (2.26). the cos term  in Equation (2.27) and
the sin and cos term s in Equation (2.28). These equations may thus be
w ritten  in a general form:
C(L,r) = (27ck)2 J q J Q()cr) ic F (t|,)c) di\ ]  die (2.29)
and the relevant function F Integrated separately to  give an expression of 
the form:
J OO
Q J 0<cr) ic O (ic) f(ic) die (2.30)
The function f(ic) may be called the spectra l filte r function since it 
filters  a portion of the spectrum  The spectral f ilte r functions are
derived in Appendix D and are, for the log am plitude fluctuations:
f Oc) = 1 -  s in ( r2 L /k ) (2 31)
* ( t  L /k)
for the phase fluctuations:
f c <K) = 1 + sin(K2 L /k ) (2.32)
a (ic L /k )
and for the cross correlation betw een am plitude and phase fluctuations:
f  „ (K) = sin2 (E2L /2k) (2 33)





Fig. 2.7 General shape of Log-Amplitude (dashed line), Phase (solid line) and 
A m plitude/Phase (dotted line) S pectra l Filter Functions.
The general shapes of these functions are sketched in Figure 2.7. I t is 
clear th a t f^  emphasises the  portion of above the cu t-o ff wavenumber 
ic = Vick/L and because the spatial wavenumber c represents 2ic/distance, 
the physical meaning of th is is th a t am plitude fluctuations are affected  
m ostly by refractive index inhom ogeneities o f size V47cL/k or sm aller. The 
situation is different for phase fluctuations because fg tends to  
em phasise the region below c = -/ick/L. This means th a t phase 
fluctuations are affected by inhom ogeneities of all sizes, bu t in particu lar 
of size V47cL/k or greater. For the cross correlation between am plitude 
and phase only inhomogeneities with sizes close to  V47cL/k con tribu te  and 
except for conditions where th is scale size is dominant, the cross correlation 
coefficient will be negligible and need no t be considered further.
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S pherical W ave Formulation
The basic plane wave correlation functions, Equations (2.26) and (2.27) can 
be converted to  the spherical wave case by changing r  to  (ij/L)r and 
(L -  7|) to  (ij/LML -  7j). The correlation functions then become, fo r
log-am plitude:
C (L,r) = (2itk)2 f  f  I (C7|r/L) sin2 f (L ~ <P (c)dicdT| (2.34)t  J o  J o  J o 1 L 2kL J  I1
and fo r phase:
Cs (L,r) = (27ck)2 J Q J q J Q(K:Tir/L) cos2 j^ li^ J l l£ f2 ljK : O^tx:) dicdi] (2.35)
U nfortunately, the integration variable T| now occurs in the argum ents of
2 2bo th  the Bessel function and the sin or cos term , and the 
sim plifications in Equations (2.29) to  (2.33) are no longer possible. The 
variances of the log-am plitude and phase fluctuations, however, may be 
found by setting  the separation distance r to  zero, making the value of 
the Bessel function unity. The variance of the log-am plitude fluc tuations 
is given by:
<x2> = <2ttk)2 J o 1C < y K) { J o sin2 [ ^ ^ J - ] d „  } d C (2.36)
and for phase the variance is given by
<S2> = <2*k)2 Jo K VC) ( Jo COs2[<L IkJ' 71] d,l ) dc (2.37)
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which, in the same way as the plane wave case, may be expressed in the 
general form:
l = 2tc^ L  I ic ® (c) g(c) die (2.38)
<S > } “ 2"2k2L Jo
where g(»c) is a new spherical wave filte r function, again derived in 
Appendix D. For log-am plitude the filte r function is
and for phase
where C (x) and S (x) are the Fresnel integrals. 
F F
The spherical spreading filters  are sim ilar in form  to  those  for plane 
waves, bu t the cu t-o ff wavenumber is a fac to r of approxim ately VT 
higher.
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Example C orrelation  Functions
The idealised refractive index spectrum  described previously may now be 
used to  evaluate the correlation functions given above to  provide an 
illustrative example. Typical values fo r the param eters needed to  
construct the spectrum  have been taken from C hapter 5, and these  are 
listed in Table 2.1 below.
Table 2.1
Typical R efractive Index S p ec tru m  P a ra m e te rs
PARAMETER VALUE




< n 2 > 1.0 x 10"7
The solid line in Figures 2.8 and 2.9 shows the refractive index spatial 
correlation function, C^(r), obtained from the inverse Fourier transform  of 
the spectrum , Equation (2.9), and normalised by dividing by C^(0). For
separations less than about 20m this correlation function is sim ilar in
2 2form to  the Gaussian function exp(-r / a  ), w ith separation distance r  and 
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Fig. 2 .8  Refractive index spatial correlation function (solid line) and 
log-amplitude correlation functions fo r 100kHz a t 500m  using plane 
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Fig. 2 .9  Refractive index spatial correlation function (solid line) and
phase correlation functions for 100kHz a t 500m  using plane wave
(dots) and spherical spreading (dashes) theories.
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correlation function departs from the Gaussian, because o f the large 
scale com ponents of the spectrum. This point is d iscussed fu rth er in 
C hapter 4. The refractive index correlation scale is about 19m in this 
example, much larger than th a t m easured by Liebermann [21.
Log-am plitude and phase fluctuations have been com puted using both  
plane wave and spherical spreading theory fo r a frequency o f 100kHz and 
a range of 500m.
Figure 2.8 shows the log-am plitude correlation functions. The do tted  line 
is for plane wave theory, Equations (2.30) and (2.31), and the  dashed line 
is fo r spherical spreading, Equation (2.34). Both form s have a correlation 
scale of about 10m, sm aller than the refractive index fluctuations, 
although the plane wave scale is sm aller than th a t fo r spherical 
spreading. Both examples show a decaying oscillatory behaviour.
Figure 2.9 shows the phase correlation functions. The d o tted  line is for 
plane wave theory, Equations (2.30) and (2.32), and the dashed line is for 
spherical spreading, Equation (2.35). The correlation scale fo r phase is 
sim ilar to  th a t o f the refractive index, b u t ra ther sm aller fo r plane waves 
than the spherical spreading case, and the correlation functions are 'bell 
shaped', more like a Gaussian function than the refractive index curve.
The larger scale of the spherical spreading phase correlation is brought 
about by the spreading of the fluctuations w ith the w avefront as it 
propagates away from  the source. The decaying oscillations in the 
log-am plitude correlation functions are caused by periodic alternating
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constructive and destructive interference betw een waves sca tte red  from  
opposite ’edges' of a m icrostructure 'patch', and once established, such 
fluctuations propagate w ith the w avefront, possibly being reinforced as 
the field traverses fu rth er 'patches' of a sim ilar size. The e ffec t is 
reduced in the spherical wave case, however, regularities in the 
fluctuations tend to  become dispersed as the field spreads.
These correlation functions will be discussed fu rth er in C hapter 6.
ARRAY DIRECTIVITY
In order to  determ ine the o u tpu t from an array of sensors as a function 
of the direction of arrival of the signal (the beam pattern), it  is 
convenient to  assum e th a t the signal field in the vicinity of the array is a 
plane wave. Under such an assum ption, coherent addition of the  sensor 
ou tpu ts  yields the 'ideal' beam pattern. In the p resen t study, however, it is 
the ou tpu t of the array when the incident wave is no t plane and uniform, 
b u t is d istorted , or fluctuating, in both  its  phase and am plitude th a t is 
of in terest. If the actual o u tpu t of the array were to  be determ ined a t 
some moment in time, a beam pattern d ifferent from the ideal would be 
obtained. The variations in the incident field, however, fluc tuate  no t only 
in space, bu t also in time, so if the array ou tpu t was inspected a t some 
o ther moment, yet another beam pattern  would be found.
This process m ight be continued indefinitely, to  form an ensem ble of all 
possible beam patterns, and various s ta tis tic s  of this ensem ble com puted.
2. THEORY 55
The expected mean square beam pattern  (commonly referred  to  in the 
lite ra tu re  as ju s t the expected beam pattern  o r even, ra th e r loosely, as the 
average beam pattern) may be defined as follow s [25,26,27]:
M
e [< Y (0>2> ] = I  V  Ym(0)2 (2.41)
m=l
where E  denotes s ta tistica l expectation, M is the num ber of 
beam patterns in the ensem ble and Y (0) is the m th array o u tp u t of the 
ensem ble a t bearing angle 0. Note here th a t the main variable is Y , 
som etim es called the power beam pattern.
In a sim ilar manner, the variance about this expected pa tte rn  may be 
defined as
v [ < y 2 > ]  = e [ < y 2> -  e [ < y 2> ] ] :
= e [ < y 2>2]  -  [ e [ < y 2> ] J (2.42)
The lim ited existing theory of the effect of spatially correlated  phase and 
am plitude fluctuations on the beam pattern of a receiving array is based 
on equations for the expected patte rn  and its variance derived by Berman 
and Berman [25], and la te r extensions and m odifications by Brown [26] 
and Lord and Murphy [27]. This existing theory is based on s ta tistica l 
methods, b u t the average beam pa ttern  may be found using an approach 
based on plane wave spectra, and this new approach is n o t only 
conceptually sim pler b u t gives g reater insight, firstly  into the d ifferen t 
contributions of the fluctuations in the wave field and the array itself, 
and secondly into the ultim ate lim it of resolution.
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The variance about the average pa ttern  is, in principle, also obtainable 
using this approach, b u t would require higher order m om ents of the 
wavefield than are available from  Rytov’s m ethod for propagation in a 
random medium. A form ula for the variance may be obtained via 
s ta tistica l techniques C26], however, b u t it  is com plicated and its  
evaluation requires considerable com puter time. I t has been found th a t a 
M onte Carlo sim ulation is no t only more efficient, b u t also provides 
inform ation not given by the analytical resu lt. This sim ulation m ethod is 
discussed fu rth er in C hapter 3.
The Plane W ave S pectrum
When dealing w ith random wave fields it is useful to  tre a t them  as being 
com posed of a se t or spectrum  plane waves. This concept w ill be 
examined here following the approach used by Uscinski [52], b u t a fu lle r 
trea tm en t has been given by Ratcliffe [53]. For clarity, the problem  will 
be restric ted  to  two dimensions, b u t is easily extended to  three.
From the preceeding discussion about propagation theory, it is c lear th a t 
a t any in stan t in time both  the am plitude and phase of a propagating 
wave are dependent upon position over the w avefront. It is convenient to  
consider this wave as made up of a series of uniform plane waves 
travelling in d ifferent directions, known as the plane wave spectrum  of 
the wavefield. Consider then a single plane wave from  this spectrum  
propagating in the L,r plane w ith its  wave normal making an angle 0 w ith
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r
Fig. 2.10 Wave normal of a single component of the  plane wave spectrum .
the L axis, as sketched in Figure 2.10. Let the complex am plitude of this 
wave be A(9), so the field a t the point (L,r) may be w ritten
u(L ,r) = A(0) exp{ik(r sinG + LcosG)} (2.43)
This idea can be extended to  an elem entary wave bundle, comprising
waves w ith wave normals a t angles between 0 and 0 + d0, and a re su ltan t
complex am plitude A(0)d0. Thus, the corresponding field is given by
u(L ,r) = A (0 )d0exp{ ik (rs in0  + LcosG)} (2.44)
The resu lting  com ponent o f the field in the r  direction due to  all the
waves fo r 0 in the forward half plane (-tc/2 to  tz/ 2 )  can then be w ritten
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n  TC/2
u(L ,r) = I A (0 )cos0exp{ ik (rsin9  + Lcos0)}d0 (2.45)
J - tc/2
Now le t the angle be expressed in term s of s = sin0, and Equation (2.45) 
becomes
u(L ,r) = J* F(s) exp{ik(rs +Lcos0)}ds (2.46)
This equation represen ts a wavefield varying over the tw o dimensions L 
and r  in term s of the plane wave spectrum  F(s). Over the plane L = 0, 
the wave field is given by
u(r) = F(s) exp{ik rs)ds (2.47)
If the lim its of the integral had been ±co this would show th a t u and F 
form a Fourier transform  pair. Consider, however, the meaning of values 
of |s| > 1. When |s| > 1, cos0 = (1 -  s ) which is an imaginary quantity, 
and which may tem porarily be w ritten  as icj. Then a sm all bundle of 
waves in the plane wave spectrum  represented by Equation (2.46) may be 
w ritten  as
u(L ,r) = F(s) ds exp{ik(rs + icjL)} = F(s) ds exp(ikrs) exp(-kcjL) (2.48)
It may be seen th a t this field has spatial periodicity in the r  direction 
bu t is a ttenuated  in the L direction, becoming negligible over a distance 
of about one wavelength, and is known as an evanescent wave. At g reater 
distances only the travelling waves will remain in the plane wave spectrum ,
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and if only these are to  be included the integration lim its in Equation 
(2.47) m ust be s = ±1. However, as the evanescent waves are so rapidly 
a ttenuated , they may be included in the p resen t application, and the 
lim its may be se t to  s = ±®. The resulting  equation is then
n +00
u(r) = I F(s) exp{ikrs}ds (2.49)
J —CO
and because of the inversion properties of Fourier transform s it is also 
true th a t
J +OO
u (r)ex p { -ik rs )d r (2.50)
-CO
Thus, the plane wave spectrum  and the complex am plitude of the  wave 
field along a line normal to  the mean propagation direction form  a 
Fourier transform  pair. The fac t th a t the field may be a random  function 
does no t prevent it  from  being represented in this way, and if the field 
fluc tuates in time then the plane wave spectrum  may be taken as 
representing a tem poral average value.
The Average B eam pattern
The relevance of the plane wave spectrum  to  the p resen t application may 
now be explained. The plane wave spectrum  gives the d istribution of the 
acoustic field as a function of angle, w hilst a receiving array observes 
this field, nominally in some particular direction, bu t w ith a finite 
angular resolution determ ined by its  directivity pattern . The array ou tpu t
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is then the convolution of the plane wave spectrum  and the  array 
directivity pattern , as shown schem atically in Figure 2.11.
In Figure 2.11A an example array directivity pattern , Y(s), is shown 
p lo tted  against s = sin0, and Figure 2.11B shows a plane wave spectrum , 
F(s). In Figure 2.11C the array directivity pa tte rn  is shown again, along 
with the plane wave spectrum  displaced horizontally by s. This represen ts 
the situation  where the w avefront arrives from  a direction s relative to  
the array normal. Also shown is the product Y(s)F(s -  s'). This,
effectively, is w hat is observed by the array, the overall o u tpu t being the
area shown shaded, and th is is given by the convolution integral.
p  +oo
W (s) = Y (s)*F(s) = Y (s') F(s -  s ‘)d s ’ (2.51)
J — CO
where the  asterisk  denotes convolution.
Finally, Figure 2.11D shows W(s) p lo tted  against s. This is the re su ltan t 
array directivity -  if the plane wave spectrum  represen ts the mean of a 
fluctuating wave field then W(s) is an average beam pattern, and W(s) is
the expected mean square beam pattern  defined in Equation (2.41).
At this point it is noted th a t the angle of the wave normal, 0, and its  
sine, s, are inconvenient variables to  deal with. It is preferable to  use the 
spatial frequency, v, given by
v = ksin0 (2.52)
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Fig. 2.11 Showing how the convolution integral W(s) = Y(s)*F(s), represented  
by the shaded area, gives the effective combination of the plane 
wave spectrum  and the array directivity pattern.
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The advantage of this becomes apparent when it is pointed o u t tha t, 
although the field described by u(r) in Equation (2.49) is no t known 
specifically, the square of the plane wave spectrum , th a t is the plane 
wave pow er spectrum , is obtained in term s of v from the Fourier 
transform  of the m utual coherence function of the wave field [57].
Furtherm ore, the array directivity pa ttern  in term s of v is ju s t the 
Fourier transform  of the distribution of sensitivity across the array [54].
The m utual coherence function bears essentially  the same relationship to 
a complex quantity as the correlation function does to  a real function, 
and may be determ ined from  the phase and am plitude correlation 
functions, which are known from  the previous discussion of propagation 
theory, using the equation [57]:
H r)  = exp[<S2X C s (r) -  11 * <*2><C (r> -  1>] (2.53)
where r  is separation transverse to  the propagation direction, S is phase, 
X is log-am plitude and Cg and are the phase and log-am plitude 
correlation functions.
To be consisten t with Equation (2.41) i t  is required to  find the expected 
mean square beam pattern  as the convolution of the plane wave power 
spectrum  and square of the array directivity pattern . To achieve this, two 
well known theorem s relating to  Fourier transform s [55] may be cited. 
Firstly, the convolution of tw o functions is the transform  of the product
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of their transform s and secondly, the autocorrelation of a function is the 
Fourier transform  of the power spectrum .
Thus, the expected mean square beam pattern, as a function of v, is given 
by the transform  of the product of the m utual coherence function and 
the autocorrelation of the array sensitivity distribution, and is w ritten
2 C +°° r c  + 00
jw(v) I = H r) T(i|)T<T) + r)d7)
J — CO L J — oo
e ' lv r dr (2.54)
Where T(r) is the array sensitivity distribution.
For the purposes of this analysis, a tten tion  may be restric ted  to  
a uniform  line array of N elem ents and spacing d, although it  should be 
obvious th a t the resu lts  are more generally applicable. The sensitivity 
d istribution is then expressible as a sequence of unit im pulses, w ritten  as
N -l
T(r) = 2  s (r  -  nd> (2 SS)
n=0
The autocorrelation of T(r) is then given by
N -l N -lf  T(t|)T(ti + rldr) = f  2  2  ^  " nc^^s ^7l + r  " md)d7j (2.56)
J -oo J  -oo n=0 m=0
Each term  of the sum m ation may be in tegrated  separately, and
- +OD
f  S(t) -  nd) 8(tj + r  -  m d)dij = 8(r -  {m -  n}d) (2.57)
J —OO
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Thus, if the substitu tion  q = m -  n is made, the autocorrelation is
n +°° N -l N -l
I T (tj)T (tj + r)d i| = 2  2  ” *1^
J-oo n=0 q+n=0
N -l
2  (N -  n) S(r -  nd) (2.58)
n=-(N-l)
So Equation (2.54) becomes
12 f +co r ~l
|w (v)| = I T(r) ^  (N -  n)S(r -  nd) e lv r dr
n=-(N-l) -*
(2.59)
Both the coherence function and the autocorrelation are real and even, so 
the Fourier transform  may be replaced by the cosine transform , and, 
using the sifting properties of the impulse function [55], Equation (2.59) 
becomes:
12 r TW(v) = (N -  n) T(nd) cos(vnd) + 2 2  (N -  n) T(nd) cos(vnd) (2.60)
1 L -ln=o
Finally, it is noted tha t, in the firs t term  on the right hand side, the 
values o f both  the coherence function and the cosine are unity for zero 
argum ent, so this f irs t term  becomes simply N. Then some tidying up and 
changes of notation may be carried out fo r consistency w ith the 
previously published s ta tis tica l resu lts  [25,26,27]: the entire expression is 
norm alised by dividing by N , as is common; the variable y = kdsinQ is 
introduced, making the argum ent of the cosine yn; the expression for 
Hnd) is substitu ted  from Equation (2.53); and the le ft hand side is 
replaced by the symbol for the expected beam pattern, E[<Y(0)2>]. The 
end re su lt is:
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N -l
e £ < Y 2> ]  = ~ 2  |  + 2  ^  “ n )co s(y n )
x exp[<S2>(Cs (nd) -  1) + <x2>(C^<nd) -  1)]J (2.61)
This is equivalent to  the re su lt obtained by Lord and Murphy [27], using 
s ta tistica l m ethods, if the assum ption is made th a t the c ross-co rrela tion  
betw een log-am plitude and phase is negligible (see Equation (2.33) and 
relevant text). However, having obtained the re su lt by the plane wave 
spectrum  method, a few com m ents may be made about points th a t are 
no t obvious from  the  sta tistica l approach.
The firs t point, referring back to  Equation (2.54), is th a t the m ethod may 
be applied to  any line array or continuous aperture. The elem ent spacings 
in a line array need not be uniform, the elem ents need no t be point 
sources, and any shading function may be applied to  either an array or a 
continuous aperture. Furtherm ore, if the two or three dimensional Fourier 
transform  is used, the method is, in principle, easily extended to  planar 
and conform al arrays.
The second point is made by referring to  Figure 2.11. From inspection of 
these examples, and consideration of the way th a t the convolution 
integral operates, it  should be clear th a t when tw o functions o f finite 
width are combined in this way, the re su lt approxim ates to  the broader 
of the two, bu t it is ’sm eared’ over a w idth equivalent to  the narrow er of 
the two. Thus, if the unperturbed array directivity pa tte rn  is very much 
broader than the plane wave spectrum , the convolution o f the  tw o will
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not d iffer greatly from the array directivity p a tte rn  and there  will be 
little  apparent degradation. If the directivity pa tte rn  is then  made 
narrow er until its  w idth becomes com parable w ith th a t of the plane wave 
spectrum , the resu lting  beam pattern will be sm eared considerably; 
sidelobes will run together and the main beam will broaden. W hen the 
unperturbed array p a tte rn  becomes narrow er than the plane wave 
spectrum , however, the shape of the convolution will tend tow ards th a t 
of the plane wave spectrum .
This is a m ost im portant point. The angular resolution of an array cannot 
be less than the width of the plane wave spectrum . This rep resen ts the 
u ltim ate lim it to  the resolution and is determ ined entirely by the medium 
and its  e ffect on acoustic propagation.
This topic will be discussed fu rther in C hapter 6 in connection w ith the 
re su lts  of the experim ents a t sea.
The V ariance
The variance in the expected beam pattern was defined in Equation (2.42). 
In principle it is obtainable using similar m ethods to  those employed 
above, but, as sta ted  previously, the necessary higher order m om ents of 
the fluctuations in the wavefield are n o t available w ithout using 
considerably more complex propagation theories. An expression fo r the 
variance has been obtained by Brown [26], however, fo r phase fluctuations 
only, and may be quoted here:
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N -l N N -l N
n=l m=n+l j=l k=j+l
|  exp |]<S2> { c s (|m  -  n |d ) + C g(|j -  k |d ) -  2 } ]  
x  ^ co s£ (n  -  m -  j + k ) y ]  £exp(<S2>£) -  l ]
+ cos[[(n -  m + j -  k ) y ]  £ ex p (-l x <S2>£) -  1 (2.62)
where
C = Cs (|j -  n |d ) -  Cs (|j -  m |d) + Cs (|m  - k |d ) -  Cs (|n  -  k |d )  (2.63)
To date no way of simplifying this equation has been found, and it  
should be noted th a t the effects  o f am plitude fluctuations are not 
included.
The re su lts  given so far assum e either th a t the arriving wave fro n t is 
parallel to  the line of the array or else th a t the phase or am plitude 
correlation betw een two points depends only on the separation between 
those points. The phase and am plitude correlation functions discussed 
previously were for directions transverse to  the line of propagation, th a t 
is parallel to  the w avefront. I t has been dem onstrated  [15] th a t the 
correlation scale along the line of propagation is many tim es g rea ter than 
the transverse scale and th a t the wavefield can be presum ed com pletely 
correlated  in the propagation direction. This means th a t the correlation
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betw een tw o points depends upon the com ponent of their separation 
norm al to  the propagation direction. Thus, in the  equations above, the 
argum ents of the correlation functions should be m ultiplied by cos(0), ie:
C (r) = C (rcos0) (2.64)
The effect of th is change, however, is only significant fo r large bearing 
angles. For instance cos0 > 0.95 for 0 < 18°, and as the arrays considered 
in th is research will generally have beam widths much less than this, the 
ex tra  com plication is no t necessary.
Example Results
Figure 2.12 show s typical resu lts  obtained using Equations (2.61) and 
(2.62). In each example the solid line is the beam pattern  of a 10-elem ent 
uniform  line array w ith X/2 spacing and no am plitude or phase 
fluctuations. The dashed lines are the expected average beam patterns 
given by Equation (2.61). The do tted  lines are the average pa tte rn  plus 
th ree  standard  deviations; standard  deviation is taken as the square ro o t 
of the variance from  Equation (2.62) and, although the d istribu tion  of 
levels is no t likely to  be normal, average plus three standard  deviations 
is presum ed to  give a good indication of the maximum level likely to  be 
obtained (this is discussed fu rth er in Chapter 3).
In order to  dem onstrate  how the resu lts  depend upon the size of the 
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Fig. 2.12 Predicted ideal beampattern of 10-element array (solid lines), 
average patterns (dashed lines) and average plus 3 standard  
deviations (dots) with 60°rm s phase fluctuations, correlation scales 
2 (A), 0.5 (B) and 0.1 (C) times the array length.
2. THEORY 70
w ithout the complication of frequency dependent effects, a Gaussian 
correlation function, C(r) = exp(-r / a  ), has been chosen to  rep resen t the 
w avefront fluctuations ra ther than a more realistic example as shown, for 
instance, in Figures 2.8 and 2=9. Phase fluctuations only have been 
included, as Equation (2.62) does not allow  for am plitude fluctuations, 
and the rm s phase variation has been se t to  60°. The correlation scale 
size, a, corresponds to  2.0, 0.5, and 0.1 tim es the length of the array in 
Figures 2.12 A, B and C respectively.
It may clearly be seen th a t when the array length is less than the phase 
fluctuation scale size there is negligible e ffect on the predicted average 
beam pattern and the average plus three standard deviations is barely ldB 
above the ideal pattern . As the  array length  increases relative to  the 
fluctuation scale size, the sidelobes in the average patte rn  begin to  merge 
together and the main beam broadens, until eventually the main beam 
merges w ith its  neighbouring sidelobes and is only about 5dB above the 
overall sidelobe level, which is more or less constant. In this situation 
the average plus three standard deviations shows a main beam a t about 
the same level as in the ideal pattern , b u t s till only SdB above the 
sidelobes. It is thus apparent th a t the degrading effect of signal 
fluctuations is very dependent upon the relative sizes of the array and 
the correlation scale of the fluctuations.
This is consisten t with the rem arks made above about the relative w idths 
of the ideal array directivity pa tte rn  and the plane wave spectrum ; the 
width of the coherence function depends strongly  on the phase 
correlation scale and, because o f their Fourier transform  relationship, the
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plane wave spectrum  width is inversely proportional to  the coherence 
width. The array directivity p a tte rn  w idth is of course inversely 
prbportional to  the array length, so to  say th a t the degraded beam pattern  
depends upon the relative w idths of the array directivity and the plane 
wave spectrum  is equivalent to  saying th a t it depends upon the relative 
sizes of the array and the fluctuations in the medium.
Although these exam ples give some insight into the e ffect of fluctuations
on array perform ance, they are not representative of any real situation,
and the com puting tim e required to  obtain the resu lts , particularly  the 
variance, is, as suggested  a t the beginning of this section, prohibitive. 
More realistic examples will be given in C hapter 6, using the sim ulation 
m ethods to  be described in C hapter 3, and based on refractive index 
s ta tis tic s  measured a t sea, as discussed in C hapter 5. These exam ples
will then be compared with the plane wave spectrum  to confirm  th a t it
does indeed represen t the resolution limit.
C h a p t e r  3
ARRAY P E R FO R M A N C E  S IM U L A T IO N S
As described in the previous Chapter, the expected beam pattern  in the 
form  of Equation (2.61) p resen ts no com putational problem s, b u t the 
variance, Equation (2.62), is a quadruple sum m ation and rapidly becom es 
unmanageable fo r more than about 10 array elem ents. The tim e taken to  
evaluate this equation is proportional to  the fourth  pow er o f the num ber 
of elem ents. A numerical sim ulation scheme may be devised, however, 
where the com putation tim e is simply proportional to  the num ber of 
elem ents. There is an overhead due to  having to  generate suitable random  
sequences representing the phase and am plitude fluctuations and having 
to  carry ou t a sufficient num ber of sim ulations to  obtain reliable 
s ta tis tic s , b u t for large num bers of elem ents th is m ethod is far fa s te r 
than evaluating Equation (2.62).
In addition, using the sim ulation technique, i t  is possible to  include the 
effec t of am plitude fluctuations in the calculation of the variance, or 
maximum level, as well as obtaining s ta tis tic s  no t provided by the 
analytical resu lts .
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THE SIMULATION METHOD
The m agnitude of the ou tpu t from  an N -elem ent uniform line array, 
having no shading or steering corrections, in response to  a signal incident 
from  direction 0 is
Y(0) = -  
N
N
2  exP [ * n + i<Tn + Sn 0
n=l
(3.1)
where xn ls the log-am plitude deviation and Sn the phase deviation a t the 
n th  elem ent and y  = kdsinQ. Obviously, this equation can be expanded to  
include shading, steering and more complex array geom etries w ithou t 
impairing the validity of the sim ulation technique.
To carry out the sim ulations, se ts  of data representing the am plitude and 
phase variations a t each elem ent were generated, using a technique to  be 
described below. The beam pattern, Equation (3.1), could then be realised 
and stored. This process was repeated a sufficient num ber of tim es, 
using statistically  independent sets of am plitude and phase data, to  allow  
the required s ta tis tic s  to  be com puted from  the resu lting  ensem ble of 
beam patterns.
In practice, the am plitude and phase data were generated as large se ts  
representing many array lengths, and for each beam pattern  realisation the 
values of xn a°d Sn were taken from  subsets of the data equivalent to  
the length of the array. To ensure the independence of the realisations, 
these subsets were separated by an equivalent distance g rea ter than the




RUN NO. 1 2
Fig. 3.1 Phase or amplitude variation a t array elements is obtained by 
interpolating between data points in a random sequence. A new 
section of data is used for each beampattern realisation.
relevant amplitude or phase correlation scale. The process is shown 
schematically in Figure 3.1.
The number of realisations required was determined empirically by 
increasing the number until the statistics obtained were consistent from 
run to run and did not change significantly as the number of realisations 
increased. This was generally in the order of 100-200.
Once the spatial and temporal phase correlation functions are known, 
numerical sequences representing the fluctuations can be generated by a 
variety of methods. A technique described by Buckley [58] has been used 
here. The basic procedure consists of forming a weighted moving average 
filter, with weights derived from the required correlation function, and 
using this to modify a set of uniformly distributed computer generated
GENERATION OF THE RANDOM AMPLITUDE AND PHASE DATA.
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random numbers. In practice this process is carried ou t by means of 
FFT's, and the re su lt is a new random sequence having the desired 
correlation function. The procedure is described fully in the appendix to  
Buckley’s paper, which is reproduced in term s relevant to  the p resen t 
application in Appendix G, bu t may be sum m arised as follows:
The required phase or am plitude correlation function has M points, 
sampled a t intervals AX in space. This correlation function is Fourier 
transform ed (using the FFT) to  obtain the fluctuation  power spectrum  ®, 
and from  this a se t o f numbers {&k ; k = 1, . . . ,M> is calculated, 
equivalent to  the Fourier transform ed weights of a moving average filter, 
using the equation
point of the previously com puted fluctuation power spectrum . Next, a se t 
of M random numbers, (Pk ), uniformly d istributed  betw een -1/2 and 1/2, 
is generated using standard com puter routines. This se t is transform ed
spectral weights, (wk), to  obtain, effectively, the spectrum  of the filtered  
random numbers, (^k ). This may be w ritten
(3.2)
where is the required phase or am plitude variance and Ok is the k th
using the FFT, and the resu lting  periodogram, (Pk > m ultiplied by the
2 k = wk Pk (3.3)
Finally, {^k) is inverse transform ed to  obtain the desired sequence, having 
M points, sampled a t intervals of AX in space or time, as appropriate.
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EXAMPLE RESULTS
To dem onstrate  the application of the sim ulation technique, example 
beam patterns have been generated equivalent to  the theoretical resu lts  
shown in Figures 2.12 A, B and C. To enable d irect com parison betw een 
sim ulation and theory, phase fluctuations only have been included and 
these were generated, as in the theoretical examples, using an artificial 
Gaussian correlation function.
A single se t of 8192 sam ples of phase fluctuation data was created, using 
the m ethod described above, w ith an rm s variation of 1 radian and a 
correlation scale o f 18 sam ples. Thus, with a 10 elem ent array, and array 
lengths corresponding to  0.5, 2.0 and 10.0 correlation scales (equivalent 
to  Figures 2.12 A, B and C respectively), array elem ents were separated 
by a minimum of two phase sam ples and it was possible to  generate over 
400 degraded beam patterns using sta tistica lly  independent su b -se ts  of the 
phase data. In practice, 200 beam patterns were used to  com pute the 
s ta tis tic s  fo r each example, although in the 10 correlation scale array 
length case only 45 non-overlapping phase su b -se ts  were possible. 
H alf-w avelength elem ent spacing was assumed.
A 2048 sample portion of the phase data is shown in Figure 3.2. If the 
correlation scale were 1.0m th is would represen t a length of 114m.
Typical sequences of sim ulated beam patterns, p lo tted  on a linear vertical 
scale, are shown Figures 3.3 A, B and C for array lengths of 0.5, 2.0 and
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Fig. 3 .2  2048  sam ple segm ent of phase data , correlation scale  18 sam ples,
rm s variation 1 radian.
10.0 correlation scales respectively. In each case the firs t 75 p a tte rn s  
from  the com plete sequence are plotted .
In A there is very little  apparent variation from  pa tte rn  to  pa ttern , 
except for a wandering from  side to side of the com plete p a tte rn  over a 
range similar to  the beamwidth (about 10 degrees). In B th is wandering is 
again present, bu t over a wider range, and there is also an increase in 
sidelobe levels close to  the main beam as well as a tendency fo r the 
sidelobes and main beam to  merge together. In C these trends are 
fu rther exaggerated, and a number of very high level sidelobes have 
appeared, some well away from  the main beam. This la s t example, where 
the fluctuation  correlation scale is much less than the array length, 
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Fig. 3.3 Typical sequences of simulated beampatterns, plotted on linear vertical 
scale, for array lengths of 0.5 (A), 2.0 (B) and 10 (C) phase 
fluctuation correlation scales.
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random, whereas in the firs t example, where the fluctuation  scale is 
much larger than the array, the array sees no t a fluctuating  w avefront, 
bu t a variation in the apparent arrival direction of the signal.
The s ta tis tic s  com puted from  these sim ulated beam patterns are com pared 
with the theory of C hapter 2 in Figures 3.4, 3.5 and 3.6 for array lengths 
of 0.5, 2.0 and 10.0 correlation scales respectively. In each case, A is the 
ideal pattern , w ith no phase fluctuations, in B the solid line is the 
average pa tte rn  com puted from  the ensem ble of sim ulated beam patterns 
and the dashed line is the predicted average taken from  Figure 2.12, while 
in C the solid line is the maximum level reached in the ensem ble and the 
dashed line is the average pa ttern  plus 3 standard deviations taken from  
Figure 2.12.
The agreem ent between the theoretical and sim ulated average p a tte rn s  in 
all three exam ples is very good. The agreem ent betw een the maximum 
sim ulated level and the theoretical average plus 3 standard deviations is 
less good, bu t s till quite acceptable; the use of average plus 3 standard  
deviations assum es th a t the d istribution of the array ou tp u t level 
variations a t a given bearing angle is normal, whereas the d istributions 
obtained in the sim ulations are d istinctly  skewed, as shown below.
It is in teresting th a t the maximum level pa ttern  in Figure 3.4 A shows a 
strong step -like  character, due to  the side to side wandering of the 
beam pattern over a restric ted  range of angles when the correlation scale 
of the phase fluctuations is g rea ter than the array length. It is also o f 
in te rest to  compare the average p a tte rn  from Figure 3.6, where the
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Fig. 3.4 Ideal pattern for array length 0.5 phase correlation scales (A), 
average patterns (B) from simulations (solid line) and theory (dashed 
line), and (C) maximum level from simulations (solid line) and average 
plus 3 standard deviations from theory (dashed line).
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Fig. 3.5 Ideal pattern for array length 2.0 phase correlation scales (A), 
average patterns  (B) from simulations (solid line) and theory (dashed 
line), and (C) maximum level from simulations (solid line) and average 
plus 3 standard deviations from theory (dashed line).
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Fig. 3 .6  Ideal pattern for array length 10.0 phase correlation scales (A), 
average patterns  (B) from simulations (solid line) and theory (dashed 
line), and (C) maximum level from simulations (solid line) and average 
plus 3 standard deviations from theory (dashed line).
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90
Fig. 3.7 Simulated average  pattern  for array  length 10 phase correlation 
scales (dashed line) and theoretical average p a tte rn  fo r uncorrelated  
phase fluctuations (solid line).
fluctuation  scale is sm aller than the array, w ith a theoretical prediction 
of the average pa ttern  in the presence of uncorrelated random  phase 
fluctuations from [23], This is done in Figure 3.7, where the solid line is 
the theoretical prediction and the dashed line is the sim ulated average 
pa tte rn  for an array length of 10 correlation scales. The two pa tte rn s  are 
very similar, and it is clear th a t the array sees fluctuations on this scale 
as alm ost com pletely random.
LEVEL DISTRIBUTIONS
Figures 3.8, 3.9 and 3.10 show histogram s of probability density
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Fig. 3.8  Probability distributions of magnitude of array  output, fo r array  length
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Fig. 3.9 Probability distributions of magnitude of array  output, fo r a rray  length
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Fig. 3.10 Probability distributions of magnitude of array  output, fo r array  length
10.0 phase correlation scales, a t bearings 0 °  (A), 11° (B) and 17° (C).
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sim ulated beam patterns described above, fo r array sizes of 0.5, 2.0 and
10.0 correlation lengths respectively. These correspond to  the 
beam patterns shown in Figures 3.4, 3.5 and 3.6 respectively. In each case, 
A is for a signal a t a bearing of 0°, on the  main beam, B is fo r a signal 
a t 11°, in the firs t null in the ideal beam pattern, and C is fo r a bearing 
of 17°, on the f irs t sidelobe. Note the change in vertical scale between 
Figure 3.8 and Figures 3.9 and 3.10.
The firs t thing th a t is apparent about these d istributions is the variety.
The main beam distributions are all negatively skewed, the skewness 
being g rea tes t where the array is sm all compared with the fluctuation 
correlation scale, in Figure 3.8A, and leas t where the array is large 
compared w ith the correlation scale, in Figure 3.10A. At 11° bearing the 
d istributions are positively skewed, with the same tendency for the 
skewness to  be g rea tes t where the array is sm all compared with the 
fluctuation correlation scale. In the f irs t sidelobe direction, the 
distribution for the 0.5 correlation length array, Figure 3.8C, has a strong 
negative skew, and is sim ilar in form  to  the main beam distribution, bu t 
the distributions fo r the o ther two cases are only slightly  skewed in the 
negative direction.
It is also noted th a t the d istribu tions where the array is sm all compared 
with the correlation length  are more peaked, suggesting a high positive 
kurtosis, than where the array is large relative to  the correlation length.
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These distributions are more easily understood in relation to  the 
beam patterns shown in Figures 3.4, 3.5 and 3.6. If the main beam 
direction is considered, for example, it m ust f ir s t  of all be rem em bered 
th a t if phase fluctuations only are being considered, w ith no am plitude 
variation, the resu lting  array ou tpu t cannot exceed th a t occurring in the 
ideal case w ith no fluctuations, which is taken as unity. I t m ust also be 
rem em bered th a t the array ou tpu t is the magnitude of the vector sum of 
the elem ent ou tpu ts, and so cannot fall below zero. Thus the range of 
the d istribution  is lim ited to  0 to  1.
When the array is sm aller than the correlation scale, as fo r the 
d istributions in Figure 3.8 and the beam patterns in Figure 3.4, the 
beam pattern is no t greatly d isto rted  by the fluctuations, b u t swings from 
side to  side with the variation in the apparent signal arrival direction. 
The array ou tpu t is usually close to  unity, b u t never greater, only 
dropping when the beam has moved to  one side or o ther by m ore than 
the beamwidth. Thus the distribution will be concentrated ju s t below 
unity, w ith a few values below, bu t never less than zero, and none above 
one -  hence the one sided, highly peaked and negatively skewed 
distribution in Figure 3.8A.
Similar argum ents are applicable in the o ther cases, and it  is found 
possible to  estim ate the main characteristics of the distribution from  
a cursory examination of the degraded beam pattern, and vice versa.
No analytic form  of d istribution has been found to  f it  these  histogram s, 
bu t because the p resen t resu lts  are derived from  artificial phase
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fluctuation  data, it  was not considered worthw hile pursuing the m a tte r a t 
this point. It may be noted, however, th a t in the case of uncorrelated  
fluctuations the distributions are found to  be Ricean [23,24], by analogy 
w ith the d istribution of random noise superim posed on a steady sta te  
signal. A tendency to  such a distribution may perhaps be seen in som e of 
the exam ples in Figures 3.8 to  3.10, b u t the correla ted  fluctuation  case is 
clearly more complex, and this point was no t given fu rth er consideration.
C h a p t e r  4
LA BO R A T O R Y  E X PE R IM E N T S
In th is C hapter a description of the sm all scale laboratory  experim ents is 
given. These experim ents had two main aims: firstly , although the
theoretical basis for predicting phase and am plitude fluctuations, as 
discussed in C hapter 2, has existed for many years, experim ental 
verification is limited. The previous experim ents reviewed in C hapter 1 
have been restric ted  to  am plitude fluctuations only and, because of this, 
a primary objective o f the p resen t experim ents was to  provide 
confirm ation of the phase fluctuation theory.
Secondly, m onitoring of the therm al s truc tu re  o f the propagation medium 
has generally been inadequate in previously reported  studies, resu lting  in 
large uncertainties in the relationship betw een acoustic fluctuations and 
the fluctuations in the medium. It was the aim of the p resen t 
experim ents to  obtain bo th  thorough and precise observations of the 
medium fluctuations so as to  both  reduce these uncertainties and provide 
experim ental backing for the therm al m icrostructure model presented  in 
C hapter 2.
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Earlier investigators [29-35] have usually used an array of heating 
elem ents a t the bo ttom  of a w ater filled tank to  generate a random  
therm al s tru c tu re  by convective mixing. Acoustic tonebursts  were then 
transm itted  through th is random medium, and m easurem ents made o f the 
fluctuations in the received signals. This technique has been adopted  in 
the experim ents described here.
Because of the uncertainty of the expected nature of the tem perature  
fluctuations and the suggestion in earlier reports  th a t it  is d ifficu lt to 
achieve a stab le  isotropic homogeneous therm al struc tu re , a series of 
preliminary experim ents to  investigate the tem perature fluc tuations was 
carried ou t in a sm all tank while the tank for the main acoustic 
experim ents was being prepared.
CHOICE OF EXPERIMENTAL PARAMETERS
The choice of various experim ental param eters was intended to  allow 
direct com parison between the observed resu lts  and theory, w h ilst being 
constrained by the physical size of the tank, the available transducers, 
and so on. Ideally, the relationships betw een acoustic wavelength, 
propagation range and fluctuation  scale size should have been sim ilar to 
th a t expected a t sea, b u t such direct scaling proved no t to  be feasible. It 
was possible, however, to  obtain experim ental conditions w ithin the same 
wave propagation theoretical region (eg. single scattering, wave theory) as 
for the full scale situation.
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Fig. 4.1 Sket ch of Experimental  set -up.
The general set-up to be considered is sketched in Figure 4.1. The array 
of heaters was mounted across the bottom of the tank with sufficient 
clearance to allow free water circulation, and a perforated metal sheet 
above helped to disturb the convective currents and encourage turbulence. 
The temperature structure in the tank was monitored by an array of 
thermistors, with spacings chosen to suit the expected turbulence scale 
size. Acoustic tonebursts were transmitted from the projector to an array 
of receiving hydrophones with spacings this time chosen to suit the 
expected acoustic fluctuation scale size.
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The f irs t constra in t was size. The tank used for the preliminary experim ents, 
which will be called the sm all tank, had dimensions 1.08 m x 0.84 m x 0.74 m 
deep and the one used for the main experim ents, called the large tank, 
had dimensions 2.0m x 3.0m x 2.0m deep. The power available fo r the 
heaters was also res tric ted  to  3 kW in the sm all tank and 15 kW in the 
large tank.
The therm al m icrostructure in the tank can be m odelled by a modified 
form  of the wavenumber spectrum  for tem perature fluctuations in the 
ocean presented in C hapter 2. This modified model is described in 
Appendix E, where also the necessary equations are derived.
The estim ated  fluctuation  mean scale size, a, is given by Equation (E.6), 
which is repeated here:
where k is the wavenumber representing the upper lim it of the source
(4.1)
range in the fluctuation  spectrum , and t  is the upper lim it o f the 
inertial range, t  is given bym
>c = 2 tc ( 1 / i  + 1 /w  + 1 /h) m (4.2)
Here i  and w are the length and w idth o f the tank respectively and h is
the depth of w ater above the heater grid. »c is given by
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ep = ( e /D 3) 1 /4  (4.3)
where s is the ra te  of dissipation of kinetic energy in the tu rb u len t w ater 
m otion and D is the m olecular diffusivity of water.
Scale size is p lo tted  against heater power for various w ater depths in 
Figure 4.2A for the sm all tank and Figure 4.2B fo r the large tank. 
Assuming th a t the tanks would be a t least half full, it  is clear from  
these figures th a t the expected scale size would be about 0.01m in the 
case of the sm all tank and 0.02m for the large tank, w ith little  scope 
for variation.
Reflections also imposed a lower lim it on frequency. The standard 
practice of using pulsed signals to  enable reflections to  be separated 
from the d irect signal was adopted, and it was required th a t the pulse be 
sh o rte r than the delay betw een the direct signal and the f irs t reflection. 
From simple geom etry it was calculated th a t for the large tank a t leas t 
half full of w ater this delay would be greater than lOOps in all cases and 
generally greater than 200 ps. With 10 signal cycles per pulse, to  allow 
for transducer transien ts, this m eant th a t there would be no reflection 
problem s a t frequencies above 100kHz although operation down to  50kHz 
was feasible w ith careful positioning of the transducers.
The upper frequency lim it was se t by the clock frequency of the phase 
measuring system , as described in more detail below, and the required 
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Fig. 4 .2  Estim ated tem pera tu re  fluctuation scale size plotted against h e a te r  
pow er input fo r a range of w a te r depths in (A) the small tank  and 
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Fig. 4 .3  Estim ated rm s tem p era tu re  fluctuation plotted against h e a te r  power 
input fo r a range of w ater depths in (A) the small tank and (B) the
4. LABORATORY EXPERIMENTS 97
Finally, the tem perature fluctuation  level was determ ined mainly by the 
tank size and heater power input. From Equation (E.8), the estim ated  rm s 
tem perature  variation is given by
<T2> = ( it /8 )  [ (H /C  )2 (d T /d p ) (1 /hgpA 2) ] 2 /3  (4.4)
where T is w ater tem perature, H is the heater power input, is the 
specific heat of w ater, t  is time, p is the density of the water, g is the 
acceleration due to  gravity and A is the open area of the heater grid. The 
rm s tem perature variation is p lo tted  against heater power for various 
w ater depths in Figures 4.3 A and B for the sm all tank and the  large 
tank respectively. The ra te  of tem perature rise in the tank, dT /d t, 
depends upon the heat lo s t from  the w ater surface and the tank sides, 
bu t this was not known in advance of the experim ents, so for these 
exam ples d T /d t has been taken as
d T / d t  = H /(M C  ) (4.5)
P
where M is the mass of the w ater in the tank. It is seen from  the 
figures th a t for reasonable w ater depths tem perature fluctuations up to  
about 0.1°C rm s were expected in both  cases, corresponding to  a 
refractive index variation of 1.5 x 10-4  rms.
With these choices for the fundam ental param eters made essentially  by 
the available equipment, it was straightforw ard  to  check the propagation 
theory regime. From C hapter 2, Equation (2.22), m ultiple sca ttering  need 
no t be considered provided the following inequality holds:
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L < l / (k 2 < p2 > a) (4.6)
where L is the propagation distance, k is the acoustic wavenumber, <p2> 
is the mean square refractive index variation and a is mean fluctuation  
scale size.
In the large tank a t a frequency of 150kHz, w ith a = 0.02m and
2 ~8<p > = 2.25 x 10 , single scattering  theory was found to  be valid up to
a range of 5629 metres!
EXPERIMENTAL EQUIPMENT 
The T anks
The tw o tanks were fitted  w ith arrays of 3kW, 0.65m long, commercial 
immersion heaters m ounted about 5cm above the bottom . The sm all tank 
had four heaters wired in a series/para lle l arrangem ent because the to ta l 
heating power was limited to  3kW by the laboratory power supply. The 
power applied to  the heaters could be controlled  by a silicon contro lled  
rectifier (SCR) regu lato r circuit. The large tank had ten heaters, and the 
supply lim itation was 15kW. Because problem s had been encountered with 
electrical noise generated by the SCR regulator used in the sm all tank, 
the power level in the large tank was adjusted by switching betw een 
d ifferent series and parallel configurations.
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The perforated  m etal sheets were m ounted about 5cm above the heater 
arrays and were intended to  break up the convective curren ts and produce 
turbulence in much the way as an air stream  passing through a grill 
generates turbulence in wind tunnel experim ents. Various perforation  
sizes were tried throughout the experim ents, and the m ost sa tisfac to ry  
re su lts  were obtained w ith 5.0mm hole diam eter and an open area of 45% 
of the to ta l.
The sm all tank was a commercial galvanised w ater storage tank and the 
larger was of welded stee l construction. Neither tank had any form  of 
therm al insulation, b u t it was not thought th a t losses would be 
significant; in fac t the tim e taken fo r w ater to  cool down betw een 
experim ents was a serious lim itation on the ra te  a t which the program m e 
could proceed.
T e m p era tu re  Sensing
Glass encapsulated therm isto rs were used to  measure the tem perature  
fluctuations, m ounted on 15cm long probes fabricated from  brass tubing. 
For therm al isolation, the therm istors were separated from  the  b rass 
probes by sh o rt s ta lks of epoxy resin. Eight of these  tem perature probes 
were assem bled in an array as shown in Figure 4.4. The spacings betw een 
therm isto rs were chosen to  be com patible with the expected spatial scale 
size o f the therm al m icrostructure, and are listed  in Table 4.1. A 
logarithm ic spacing scheme was employed to  achieve a spatial reso lu tion  
of less than 1cm with an overall array length  g rea ter than 8cm.
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Fig. 4 .4  Sketch of therm isto r array.
Each therm isto r was connected as one arm of a dc bridge, and the bridge 
imbalance signals raised to  a level of 0-10V fsd by precision 
instrum entation am plifiers. To avoid self heating problem s pow er was
Table 4.1
T h erm isto r A rray S pacings




0.7 1.2 1.7 2.3 3.3 5.5 8.5
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only applied to  the bridge for a sh o rt period (approximately lps) when 
the tem perature was being sampled. The timing was contro lled  by a clock 
which also provided an in te rru p t signal to  the data recording system . The 
repetition  ra te  was adjustable betw een 0.1Hz and 10Hz.
For the preliminary experim ents the instrum entation am plifiers were 
connected directly to  the 16 channel A to  D converter on a VAX 11/780, 
b u t problem s were encountered, mainly due to  trying to  work in real 
time on a m ulti-user system . For the main experim ents, 12 b it A to  D 
converters were bu ilt in to  the system  and the data collected on a 
H ew lett Packard 9826 com puter.
From the re su lts  of earlier experim ents [34] it  was expected th a t the 
m ost useful tem perature fluctuations would be obtained when the  mean 
w ater tem perature was in the range 20°C to  30°C. To obtain the b e s t 
resolution the therm isto r circuits were designed to  give an operating 
range slightly  g rea ter than this, and the resolution achieved was b e tte r  
than 0.003°K.
A fter the array was assem bled the com plete system  of therm isto rs, 
bridges, conditioning electronics and A to D converters was calibrated. 
The therm isto r array was immersed in a container of ho t w ater which 
was allowed to  cool slowly w hilst being stirred  continuously to  m aintain 
a uniform tem perature d istribution. The w ater tem perature was m onitored 
using a Comark 1601-1 electronic therm om eter with a therm ocouple probe. 
The o u tp u t from  each therm isto r and the w ater tem perature were 
recorded a t about 1°K intervals, and the sensitivity of each sensor
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Fig. 4 .5  Typical th erm is to r calibration. C ro sses  a re  A /D  co n v erte r  output 
plotted against tem p e ra tu re  and line is least sq u a res  fit to  d a ta .
channel and its  zero o ffse t w ere obtained from  a leas t squares linear f it  
to  the data. A typical- calibration p lo t is shown in Figure 4.5. This 
procedure was repeated regularly  th roughou t the experim ents.
Also from the  re su lts  of earlier experim ents [34] i t  was expected  th a t 
the bandw idth of the tem peratu re  fluc tua tions would be abou t 0.005Hz to  
1.0Hz. The upper frequency lim it o f the  tem perature m easuring system  
was dependent on the response tim e o f the therm isto rs. A m easure of 
th is  lim it was obtained by observing the  ou tpu t as the  th e rm is to r was 
suddenly irradiated  w ith heat from  a tungsten  light bulb. The o u tp u t rise 
tim e was found to  be approxim ately 0.06s, giving a bandw idth of abou t 
2.5Hz. This was adequate, and to  satisfy  the Nyquist criterion, sam pling
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rates of at least 5Hz were used for most experiments. To accommodate 
the low frequency limit the minimum length of run should be 200s. The 
system was limited by the amount of data that could be stored on a 
flexible disc and this was determined to be about 2 hours worth for 8 
channels at a sampling rate of 5Hz.
Acoustic Transmitter System
The acoustic transmitter system consisted of a pulse generator (Lyons 
Instruments PG71N), a function generator (Hewlett Packard 3314A), a 
power amplifier (ENI 240L) and two acoustic transducers. A block 
diagram is shown in Figure 4.6.
Tr i g g e rPu l s e  
G e n e r a t o r
To Re c e i ve  r 
S y s t  em
C/W Output
F u n c t  i on 
Gene r a t o  r G a t e d  O u t p u t
Tr a n s d u c e  r 
Se 1 e c t
Pow er  flmp. R c o u s t i c
Tr a n s d u c e  r s
Fig. 4.6 Transmit ter system block diagram.
4. LABORATORY EXPERIMENTS 104
The pulse generator provided pulses a t regular intervals which were used 
to  control the function generator and were also sen t to  the receiver 
system  to  trigger the range gate circuit. Two o u tp u ts  were provided: 
tonebu rsts  of a fixed num ber of cycles starting  and finishing on zero 
crossings, and a continuous sine wave, derived from  the same source as 
the tonebursts, which was sen t to  the receiver system  as a phase 
reference.
Two transm itting  transducers, borrowed from  the calibration facility a t 
BAe W eymouth, were used to  cover the frequency range. One was an 
array o f seven Tonpiltz type elem ents, resonan t a t 70kHz, and the o ther 
was a simple air backed ceramic disc with a quarter wave m atching layer, 
resonan t a t 120kHz. Both transducers had beam w idths of about 30° a t 
their centre frequencies.
It may be shown [34,56] th a t the effective scattering  volume within the
random medium is com pletely insonified provided the tran sm itte r
beam width is g reater than the scattering  angle associated w ith the 
inhomogeneity ’patches’, given approxim ately by 1/ka, where k is the 
acoustic wavenumber and a is the mean scale size of the inhom ogeneities. 
In the large tank, a was expected to  be about 0.02m, so a t 50kHz, the
low est frequency of in terest, th is scattering  angle was 14°, and it  was
concluded th a t the effective scattering  volume would be fully insonified.
The near field distances of the transm itte rs  a t the ir maximum useable 
frequencies were 16cm fo r the 78kHz transducer and 11cm for the 120kHz
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Fig. 4.7 Typical received signal from a t ransmitted pulse of 10 cycles a t  69.5kHz.
device, so it was assumed that if no acoustic measurements were made 
within 20cm of the transmitter, no problems due to near field effects 
would be encountered.
The transducers were mounted on brackets which were modified to avoid 
reflections from the mountings causing unwanted (multipath) arrivals. It 
was estimated that under the worst experimental conditions (ie for 
maximum range and minimum water depth of about 1.3m above the heater 
grid) the first reflections from the surface and from the bottom would 
arrive about 190ps after the direct path signal. An example of the 
waveforms observed with a B&K 8103 hydrophone is shown in Figure 4.7 
for a transmitted signal of 10 cycles at 69.5kHz.
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No means of precisely positioning either the therm isto r array o r the 
acoustic transducers were employed. Accurate knowledge of the position 
of the therm isto r array was not considered necessary, although it  could 
be located within less than a centim etre using a ruler. N either was 
accurate knowledge of the absolu te positions of the transducers required, 
only the distance betw een tran sm itte r and receiver, and this could be 
determ ined by m easuring the acoustic propagation tim e betw een the 
transducers. Because the w ater tem perature was known to  b e tte r  than 
0.01°C, the speed of sound could be accurately calculated.
A coustic  R eceiver S ystem  -  E lectron ics Unit
The acoustic receiver system  was based on a purpose bu ilt e lectronics 
unit; a block diagram is shown in Figure 4.8. The therm isto r bridge 
circuit board was contained within the same unit, b u t could be removed 
and used independently.
Each hydrophone signal was connected via a high impedance b u ffer to  a 
40dB am plification stage, raising the level to  about 20V peak to  peak. 
This gain was adjustable by ±6dB to  com pensate for variations in the 
hydrophones. Amplification was followed by a f irs t order high pass f ilte r  
to  remove mains hum and low frequency noise, w ith a cu t o ff frequency 
of 10kHz; sufficiently low th a t neither phase nor am plitude response 



















Fig. 4.8 Receiver system block diagram.
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The am plitude of the received pulse was detected  using a conventional 
peak-hold circuit, shown schem atically in Figure 4.9. W ith the com ponent 
values used the rise tim e was lps; less than 0.2 cycles a t the h ighest 
operating frequency. The hold capacitor was sufficiently large th a t the 
o u tp u t fell by less than lmV in 1ms (from around 10V) and the o u tpu t 
was always sampled within much less than 1ms of the end of the 
received pulse. An FET switch was connected across the hold capacitor to 
re se t the o u tpu t to  zero a fte r sampling.
Phase detection was achieved by measuring the tim e betw een zero 
crossings of the signal and a reference. This reference could be derived 
either from  the transm itted  signal fo r absolute m easurem ents or from  a 
selected hydrophone channel for relative m easurem ents. The circuit is 
shown schem atically in Figure 4.10. The ou tpu t of the EXCLUSIVE OR 
was high when the two signals SIG and REF were of opposite polarity 
and the PHASE COUNTER counted the num ber of clock pulses during 
th is period. The EVENT COUNTER was needed to  count the num ber of 
cycles in a pulse and form  an average phase difference. The clock 
frequency was 50MHz, giving a phase reso lu tion  o f about 1.0° a t the 
h ighest operating frequency and b e tte r than 0.5° a t the low est.
Problem s were encountered initially w ith jitte r  associated w ith the zero 
crossing detectors. This was minimised by screening the hydrophone input 
circuits to  reduce noise pick-up and improve the signal to  noise ratio , by 
using pairs of com parators on the same chip to  ensure th a t they had a 
common zero reference, and by adjusting signal levels so th a t both  REF 
and SIG had about the same am plitude. Because the clock and the signal
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Peak 0/P
Signal  0 / P
R e s e t
c apacitor
OV
Fig. 4 .9  Schem atic of peak hold circuit.
Clock
Ref
P h a s e  
c o u n t e r
C o m p a r a t o r s
Ev e n t
c o u n t e r
Fig. 4.10 Schem atic of phase d e tec to r circuit.
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were generated independently random errors of th is nature were reduced 
by the 'averaging process.
The phase data  w ere obtained directly in digital form, b u t the am plitude 
and tem peratu re  signals required A to  D conversion. This was achieved 
using a Burr Brown SDM 854AG 16-channel 12-bit D ata Aquisition Unit 
(DAU). All da ta  were sen t via a GPIO parallel in terface to  the HP 9826 
com puter fo r s to rage and subsequent analysis. As w ith the tem perature 
system , the  sam pled data  were converted into relevant units on-line in 
the com puter softw are.
H ydrophones
End-capped ceramic cylinders, l/8 in  diam eter x l/8 in  (3.175mm x 3.175mm) 
long, were used fo r the  receiving transducers. These were m ounted on 
probes and assem bled in an array identical to  the  therm isto r array, 
except th a t m iniature low noise FET am plifiers w ith a gain of 20dB were 
po tted  along w ith the electrical connections. The ceramic cylinders were 
coated w ith epoxy resin to  prevent electrical con tac t w ith the w ater and, 
as w ith the  therm isto rs , iso lated  from  the probes by thin sta lk s of 
epoxy.
The hydrophones were te sted  in the  BAe W eymouth calibration facility, 
and a typical frequency response and directivity p a tte rn  are shown in 
Figures 4.11 and 4.12 respectively. It was found th a t the response was f la t 
w ithin ±3dB over the range 50kHz to  200kHz and th a t the transducers
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Fig. 4.11 Typical hydrophone frequency response. 20dB pre-am plifier output 
m easured  using standard  pulsed calibration techniques.
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Fig. 4.12 Typical hydrophone directivity pa tte rn , again m easured  using standard  
pulsed calibration techniques.
4. LABORATORY EXPERIMENTS 112
were essentially  omnidirectional about the mounting probe axis to  beyond 
160kHz. When ro ta ted  about an axis perpendicular to  the probe there was 
a dip in the response in the probe direction, which was considered 
acceptable. Typical sensitivity, including the bu ilt in pream plifiers, was 
-210 dB re lV /pPa a t 100kHz and all transducers in the array were 
matched to  within ±3dB. There was no m easurable change in sensitivity 
when the tem perature was varied over the range 15°C to  35°C.
Some problem s with reflections were encountered when the hydrophones 
were f irs t assem bled in the array. It was found th a t these could be 
reduced to  an acceptable level by mounting the array w ith the probes 
vertical and loosely wrapping the m etalw ork close to  the array w ith 6mm 
thick sheet rubber.
PRELIMINARY TURBULENCE EXPERIMENTS 
O bservations
Originally, the aim of the preliminary experim ents was to  examine the 
tem perature fluctuations in the small tank and confirm, firstly , th a t the 
mean square tem perature fluctuation  and spatial correlation function were 
as predicted by the theory in Appendix E and, secondly, th a t the therm al 
s truc tu re  was reasonably stationary in time and space, a t leas t 
th roughout a large proportion of the w ater volume.
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Fig. 4 .13 Typical temperature  fluctuation record from the small tank using the
eight thermistor  array.
The first few runs were made using the array of eight thermistors 
described above, and a typical result is shown in Figure 4.13. This shows 
the temperature at each thermistor, plotted against time, after the trend 
in the mean due to the water heating up has been removed. The run 
lasted 10 minutes, and the important parameters are summarised, along 
with those of the other run discussed in this Section, in Table 4.2.
It was immediately obvious that the fluctuations were not stationary in 
time. To see if the fluctuations would stabilise at some point as the tank 
was allowed to heat up, a series of 10-minute runs were made at
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Table 4 .2
Prelim inary E xperim ents -  G eneral Inform ation
RUN
PARAMETER
1 9 /2 /0 5  
(FIGURE 4.13)
1 2 /3 /0 2  
(FIGURE 4.14)
TANK SMALL SMALL
WATER DEPTH 0.542m 0.625m
GRID OPEN AREA 0.3829m 2 0 .3829m 2
HEATER POWER 3100W 3100W
ARRAY ORIENTATION HORIZONTAL VERTICAL
ARRAY POSITION CENTRAL CENTRAL
ARRAY DEPTH 0.20m 0.36m
MEAN WATER TEMP. 
START OF RUN 25.3°C 29.5°C
END OF RUN 26.0°C 30.5°C
approxim ately hourly intervals as the tank tem perature rose from  am bient 
(about 18°C) to  35°C , for various com binations of power input, w ater 
depth and so on. Two therm isto rs were used, separated vertically by 5cm. 
As these experim ents progressed it began to  look as if a stab le  s ta te  
was reached when the w ater tem perature had risen to  betw een 28°C and 
30°C. A new phenomenon was observed however when the tem perature 
rose above this range, and Figure 4.14 shows the f irs t run in which this 
occurred.
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Fig. 4.14 A burst  of oscillation recorded in the small tank using two 
thermistors  vertically separated by 5cm.
The near-sinusoidal oscillations at the start of the run have a peak to peak 
amplitude of 1.5°C and a mean frequency of 0.044Hz. It was quickly 
established that the natural frequencies of the various hardware items, such 
as the arm supporting the thermistors, and the sloshing frequency for the 
water in the tank were all much higher than 0.044Hz, so it was assumed 
that the oscillations were not an artifact caused by mechanical disturbance.
Although no clear-cut unambiguous explanation of these phenomena was 
found, a number of mechanisms that might account for the behaviour 
were considered and it was concluded that the most likely was a rising
~ 2 TEMPERATURE 
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plum e of warm w ater forming over a heating elem ent and waving from  
side to  side. This would cause the variability in the fluc tuations if the 
plum e were tu rbu len t and confined to  a relatively narrow  region of 
horizontal ex tent. Part of the tim e the sensor may lie w ithin the  plume 
and strong fluctuations would be observed; a t o ther tim es the  plume may 
have swayed off to  one side of the sensor and the fluctuation  level 
would be much lower. Tem perature oscillations could be explained in a 
sim ilar manner if the plume became non-tu rbu len t and had a varying 
tem perature d istribution across its width.
Thermal plumes are discussed briefly in Appendix F, and the theory 
suggests that, if the spacing betw een heaters had been reduced, to  10cm 
say, then tu rbu len t plumes rising from  adjacent elem ents would overlap 
and interact. Provided param eters such as the heater pow er and w ater 
depth were chosen so th a t the Reynolds num ber of the convective flow 
was adequate, this would ensure th a t the entire w ater volume above the 
heater array was tu rbu len t and effects due to  plume swaying would no 
longer occur. These points were taken into account when se ttin g  up the 
large tank for the main acoustic experim ents.
The depth of w ater and available heater power in the large tank were 
g rea ter than for the preliminary experim ents, and it was estim ated  from  
the re su lts  given in Appendix F th a t with a heater spacing of 50cm 
tu rbu len t plumes should overlap within a height of 50cm above the 
heaters.
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EXPERIMENTAL PROCEDURE
In carrying ou t the acoustic experim ents, the following procedure was 
adopted:
To avoid problem s w ith bubbles, when the large tank was firs t filled, and 
whenever it  was refilled following cleaning and o ther maintenance 
operations, several days were le ft before starting  experim ents to  allow 
dissolved air to escape. It was assum ed th a t if bubbles were no t seen 
form ing around the heaters when power was applied then they would not 
a ffec t acoustic experim ents.
The electronic equipm ent was switched on and allowed to  warm up for a 
reasonable time. The data collecting program  was loaded into the HP 
9826 com puter and a fresh disc initialised and fo rm atted  fo r da ta  storage.
The acoustic transducers were then placed in their required positions. A 
series of short pulses were transm itted  and the propagation delay 
betw een the transm itte r and receiving hydrophones m easured using the 
time delay measuring facility on a H ew lett Packard 5180A waveform 
recorder to  determ ine the propagation distance. The tran sm itte r system  
was then  se t to the required frequency, pulse length and repetition  ra te  
for the  experim ent. Before switching on the heaters, a sh o rt record was 
made of the hydrophone signals to  ensure th a t there was no excessive 
noise. This was considered im portant as it was o ften  found th a t when 
nearby machinery was in use the level of electrical noise picked up was 
com parable with the expected signal fluctuation  level.
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The heater array was then switched on and the w ater allowed to  warm 
up to  about 2S°C. At full power the ra te  of tem perature rise was in the 
order of 1°C per hour, so th is could take a whole day if the w ater 
tem perature had previously been allowed to  fall to  am bient -  about 18°C 
The therm isto r array was then positioned a t the centre of the acoustic 
transm ission path and the eight channels were m onitored continuously 
until a period of reasonably constan t tem perature fluctuation  was 
reached. A five-m inute record was then made of the tem perature 
fluctuations.
Ideally, the therm al s tru c tu re  should have been m onitored throughout the 
transm ission experiment, bu t it was found th a t reflection problem s arose 
if the therm isto r array was le ft in the propagation path. It was therefore 
assum ed th a t if the s ta tis tic s  of the tem perature fluctuations were 
sim ilar immediately before and a fte r the acoustic run, then there had 
been no change during the run.
Thus the therm isto r array was moved to  one side of the tank while 
a record of the phase and am plitude fluctuation signals was made, 
usually for a period of 10 minutes. One therm isto r channel was still 
recorded th roughout the period, as an additional check th a t no abnormal 
large scale tem perature effects had occurred during the experiment.
Following the acoustic run, the therm istor array was moved back to  the 
centre of the propagation path and a fu rther 5 m inutes of tem perature 
data was recorded.
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Finally, all relevant details of the experim ent, such as frequency and 
transducer positions, were entered in to  the com puter for sto rage  along 
with the data. Experim ents were continued until the  w ater tem perature 
reached 30°C and then the tank was allowed to  cool to  below  25°C 
before starting  a new run. To ensure th a t re su lts  were reproducible, each 
particu lar experim ent was repeated on a t leas t th ree d ifferen t days.
DATA ANALYSIS
Before examining the acoustic resu lts , the following prelim inary analysis 
of the tem perature data was carried out:
Each tem perature record was p lo tted  and examined fo r excessive 
variability and abnorm al behaviour; if e ither were found the  experim ent 
was considered invalid. Occasional outliers were accepted as due to  noise 
and were manually edited out and replaced by the mean o f the two 
sam ples before and after.
Variances were then calculated for each record and compared; the 
tem perature m icrostructure was taken to  be homogeneous if the  re su lts  
for the 5 therm istor channels were w ithin 5% of one another, and as 
stationary  if the tem perature runs before and a fte r the acoustic run  were 
similarly consistent. The variance for the com plete se t of tem perature  
data was taken as the overall value fo r the experim ent, and used to  
calculate the refractive index variance.
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The cross-correla tion  coefficients betw een therm isto r channels were then 
com puted and compared with the theoretical correlation function. 
Provided the agreem ent was reasonable, the theoretical correlation 
function and the spectrum  from  which it had been derived were taken as 
correctly  describing the medium fo r the duration of the experim ent, and 
were used to  estim ate the mean scale size of the fluctuations. The 
refractive index variance, the theoretical spatial correlation function, the 
associated  spectrum  and the mean scale size were then sto red  on disc, 
along with the experim ental data, for use in acoustic propagation 
calculations.
A sim ilar procedure was carried out with the phase and am plitude data 
before going on to  compare the resu lts  w ith the theoretical predictions 
from  C hapter 2. The records were f irs t p lo tted  and examined for 
abnorm alities. Again, occasional ou tliers were accepted as noise and were 
replaced with the average of the points on either side. The variance and 
cross correlations between channels were then calculated fo r phase and 
am plitude and stored  along with the experim ental data.
RESULTS 
T em p era tu re
A typical tem perature record from  the large tank is shown in Figure 4.15. 
This shows the tem perature a t each therm istor, p lo tted  against time, 
a fte r the trend in the mean due to  the w ater heating up has been
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Fig. 4.15 Typical tem p era tu re  fluctuation record from the large tank with 
improved h ea te r  configuration.
Table 4.3




GRID OPEN AREA 2.4m 2
HEATER POWER 15000W
OBSERVATION DEPTH 0.65m
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removed. The p lo t shows 9 m inutes from a longer run, and the im portan t 
param eters are listed  in Table 4.3. These conditions varied little  
th ro u g h o u t the  acoustic experim ents. The fluc tuations appear more 
uniform  and stationary  than  the initial observations in the sm all tank. 
The overall tem perature  variation fo r th is run was 0.082°C which is in 
good agreem ent w ith the value of 0.085°C predicted using Equation (4.4)
Figure 4.16 show s c ro ss-co rre la tion  coefficients betw een th e rm is to r 
Channel 1 and each of the  o ther channels, p lo tted  against separation  
distance, fo r the run shown in Figure 4.15, in which the  th e rm is to r array 
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Fig. 4.16 M easured horizontal (triangles) and vertical (sq u ares) tem p era tu re  
spatial correlation com pared with theory  (solid line). The correlation 
scale  is a and the  dashed line show s the exponential curve having
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afterw ards with the array vertical (squares). The theoretical spatial 
correlation function of the tem perature is shown as the solid line, and is 
obtained from  the inverse Fourier transform  of the idealised wavenumber 
spectrum , given in Appendix E, Equation (E.l), as:
® t ( k )  =
0
<Dm
O ( i c / i c j  m t
0
< <  ic m
K £  1C <  Km
K,  £  1C <  1C t  p
1C ^  1Cp
(4.6)
where
® = 2 < T 2> /S c . (4.7)m t
<T2> is the mean square tem perature fluctuation  from  Equation (4.4) and 
ic  ^ is given by
c. = 0-5 (k k )1/2 (4.8)t  m p
The correlation scale, a, is marked and, for comparison, the exponential 
correlation function w ith the same scale is shown as the dashed line. It 
is seen th a t the experim ental points obtained w ith the array horizontal 
agree well with the theoretical curve w hilst those fo r vertical orientation 
tend to  lie above it. This is probably due to  a sligh t anisotropy in the 
therm al s truc tu re  caused by the upward convective d rif t of the water. 
The discrepancy, however, is sligh t and the theoretical curve gives b e tte r  
agreem ent w ith the data  than does the exponential curve, which falls
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more rapidly a t  separation distances g reater than the correlation scale 
and so tends to  underem phasise the larger inhom ogeneities.
A nother fac to r which can cause discrepancies betw een the observed and 
predicted  correlations is the location of the observation position. In the 
theore tical predictions the tem perature probe was assum ed to  be
positioned centrally  in the tank, w hereas th is was no t exactly so.
However, in general it is fe lt th a t the agreem ent betw een theory and 
experim ent is sufficient to  justify  the description of the tem perature
inhom ogeneities by the spectral theory of Appendix E.
A coustic  R esu lts
Figures 4.17 and 4.18 respectively show typical log-am plitude and phase 
fluc tuation  records. The frequency was 160kHz and the propagation
distance 2.4m. The ou tpu t from each hydrophone is p lo tted  against time 
a fte r any trends in the mean have been removed. The p lo ts  appear sim ilar 
to  the tem peratu re  records, and the high degree of correlation across the 
hydrophone array is clearly visible. The phase fluctuations have a ra ther 
sm aller high frequency com ponent than the am plitude, and close 
inspection reveals the quantisation level of around 1°.
The object o f these experim ents was to  te s t  the predictions of the 
variances and spatial correlation functions o f the phase and log-am plitude 
fluc tua tions as given in C hapter 2. Both plane wave and spherical 
spreading cases were considered, as the minimum propagation distance
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Fig. 4.17 Typical log-amplitude fluctuation record at frequency 160kHz and 
propagation d istance  2.4m.
for the plane wave approximation to be valid (Equation (2.25)) was
estimated to lie between 0.1m and 1.0m for the tank environment over
the frequency range of interest. That is, typically about half the
propagation distance used in the experiments, so the results were
expected to fall between plane wave and spherical spreading theories.
The plane wave transverse correlation functions, from Equation (2.30), are
given by
(4.9)
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Fig. 4.18 Typical phase fluctuation record a t  frequency 160kHz and 
propagation distance 2.4m.
where L is the propagation distance, r is spatial separation normal to the 
direction of propagation, JQ is the Bessel function of zero order, <X>^ is 
the refractive index wavenumber spectrum and f(»c) is a spectral filter 
function. The spectral filter function for log-amplitude fluctuations, from 
Equation (2.31), is given by
f (e) = l - sin(c2L/k) (4 10)
X (t L/k)
and that for phase fluctuations, from Equation (2.32), is given by
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f M  = i + sin(K2 L /k ) (4 n)
& (ic L /k )
The log-am plitude and phase variances are obtained by setting  the spatial 
separation, r, to  zero in Equation (4.9).
In the spherical spreading case, the correlation functions are given by 
Equation (2.34) for log-am plitude:
C (L,r) = (27tk)2 f  f  I (cT|r/L) sin2 |~(L ~ ^ ^ lie  O (le) die dr\ (4.12) 
X Jo Jo Jo |_ 2kL J  F
and by Equation (2.35) for phase:
Cg(L,r) = (27tk)2 J Q(iC7|r/L) cos2 —“ J  K ^  ^1 (4.13)




|  = 2?c2k2L J o ic $^(k) g(ic) die (4.14)
where g(ie) is the spherical wave spectral filte r function. From Equation (2.39), 
the log-am plitude filte r function is
(4.15)
and from Equation (2.40), the phase filter function is
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(4.16)
,2i \ / / 2 t \ i / 2
+ sin
Figure 4.19 shows m easured log-am plitude variances p lo tted  against 
propagation distance L a t a frequency of 160kHz, using data  from  three 
d ifferen t experim ents. Because the therm al m icrostructure  changed 
slightly  betw een runs the resu lts  have been norm alised by dividing by 
<Cp2>a so th a t they m ight be compared. Points from  the three  runs are 
p lo tted  as d ifferent symbols. Predicted log-am plitude variances using the 
plane wave theory, Equations (4.9) and (4.10) with separation r se t to  
zero, and the spherical spreading theory, Equations (4.14) and (4.15), are 
p lo tted  as the dashed and do tted  lines respectively. The plane wave theory 
reasonably approxim ates the observed resu lts , bu t the spherical spreading 
theory gives the b e tte r fit, lying within the data spread a t all points.
Figure 4.20 shows the m easured phase variances a t 160kHz, again p lo tted  
as d ifferen t symbols for the three runs. The predictions of the plane 
wave theory, Equations (4.9) and (4.11) with separation r  se t to  zero, and 
spherical spreading theory, Equations (4.14) and (4.16), are shown by the 
dashed and dotted  lines respectively. It is seen th a t fo r the phase, 
because o f the sm all difference betw een plane wave and spherical 
spreading predictions, it is no t possible to  say with confidence w hether 
plane wave or spherical spreading theory b e s t approxim ates the resu lts , 
bo th  falling within the data spread a t all points.
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Fig. 4.19 Measured variances of log-amplitude (symbols) a t  160kHz plotted 
against range and compared with theory for plane waves (dashes) 
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Fig. 4 .2 0  Measured variances of phase (symbols) at 160kHz plotted against 
range and com pared with theory for plane waves (dashes) and 
spherical spreading (dots).
4. LABORATORY EXPERIMENTS 130
Figure 4.21 shows cross-correla tions betw een log-am plitude fluctuations 
a t d ifferen t hydrophones in the receiver array from  the runs a t 160kHz 
and a propagation distance of 2.4m. The re su lts  are p lo tted  against the 
separation  distance between the hydrophones, once more as three 
d ifferen t symbols for the three experim ents. Predicted correlation functions 
from  Equations (4.9) and (4.10) for plane waves and Equation (4.12) fo r 
spherical spreading are shown by dashed and solid lines respectively. In 
th is figure it is clear th a t the spherical spreading theory gives the b e tte r 
f it  to  the data. It is noted th a t a major difference betw een the plane 
wave and spherical wave predictions is th a t the spherical wave correlation 
function is broader by a fac to r of approxim ately /3 .
This p lo t is repeated for the measured phase correlation coefficients in 
Figure 4.22, again p lo tted  against separation as three d ifferen t symbols 
fo r the three runs. The spherical wave theory from  Equation (4.13), shown 
as the solid line, once more gives a b e tte r fit to  the data  than plane 
wave theory, from  Equations (4.9) and (4.11), which is shown as the 
dashed line. A lthough the difference betw een plane wave and spherical 
spreading predictions is less marked than fo r log-am plitude, the main 
difference is s till th a t the spherical spreading curve is broader by a 
fac to r o f approxim ately -/3.
DISCUSSION
Only a lim ited selection from  the experim ental re su lts  have been 
presented  here, b u t these are typical of those obtained over the range of
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Fig. 4.21 M easured correlation coefficien ts fo r log-am plitude a t 160kHz 
(symbols) plotted against separa tion  com pared with theory  fo r plane 
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Fig. 4 .2 2  M easured correlation coefficients fo r phase a t 160kHz (symbols) 
plotted against separa tion  com pared with theory fo r plane w aves 
(dashes) and spherical spreading (solid line).
4. LABORATORY EXPERIMENTS 132
frequencies investigated. Many of the features of these re su lts  may be 
explained by reference to  Figure 2.7, which shows plane wave spectral 
filte r functions. From the general equations for the plane wave spatial 
correlation  function, Equation (4.9), and the  spherical spreading variance, 
Equation (4.14), it is seen th a t the theoretical resu lts  depend upon the 
area under the curve form ed by multiplying toge ther the refractive index 
spectrum  and the filte r function. This curve is fu rth er weighted by the 
wavenumber and, in the case of the correlation function, a Bessel 
function, b u t this is not relevant for the variance.
Because the refractive index spectrum  extends below the filte r cu t-o ff 
wavenumber the resulting area will be less for log-am plitude fluctuations 
and g rea ter for phase fluctuations. It is also clear th a t this e ffec t will 
be more pronounced for the spherical wave case than fo r plane waves. 
Because these cu t-o ff wavenumbers are proportional to  the square ro o t 
of frequency the e ffect will increase with frequency,.
For the correlation functions the Bessel function m ust be considered, and 
the fac t th a t its  argum ent differs between the plane wave and spherical 
spreading cases by the facto r t\ / z  suggests th a t the resu lts  should differ 
in a way th a t varies with range. The plane wave and spherical wave 
correlation functions are initially identical, bu t w ith increasing range the 
spherical wave form  becomes broader than th a t fo r the plane wave case, 
as would be expected because of the spreading w avefront.
A lthough the experim ental resu lts  generally support these ideas, it  was 
noted th a t there was a considerable sca tte r in the observations. This was
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partly  due to  system  noise, b u t also to  the long term  large scale 
variability th a t s till remained in the therm al micro structure . Chotiros and 
Smith [34] showed th a t the effect of this variability, and hence the 
sca tte r, could be reduced by high-pass filtering the data before 
com puting the s ta tistics . This approach improved the apparent quality of 
the ir re su lts , b u t they were in terested  in am plitude fluctuations only, 
which, as has been pointed out, do not depend significantly on the low 
wavenumber end of the spectrum . Time was no t available to  consider this 
fu rth er in connection w ith these laboratory experim ents, b u t steps were 
taken to  improve the low wavenumber end of the spectrum  in the ligh t 
of the experim ents conducted a t sea.
The overall conclusion is th a t the resu lts  of these experim ents have given 
confidence in theoretical predictions of the variances and spatial 
correlation  functions o f acoustic fluctuations in a random medium, bu t 
th a t care m ust be taken to  ensure th a t the model of the medium is 
realistic, and particularly  th a t the low wavenumber region of the 
spectrum  is adequately represented if phase fluctuations are of in terest. 
It is also noted tha t, even a t ranges where the plane wave approxim ation 
should be valid, re su lts  tend to  lie betw een plane wave and spherical 
wave predictions and are generally closer to  the spherical spreading case.
C h a p t e r  5
E X P E R IM E N T S A T  S E A
From the  lite ra tu re  reviewed in C hapter 1 it is apparent th a t over the 
p ast three decades, a considerable am ount of e ffo rt by a number of 
researchers has been devoted to  the m easurem ent and description (if no t 
explanation) of the random tem perature s tru c tu re  of the oceans. Except 
for a lim ited num ber of cases however (eg [7] and [49]), such 
m easurem ents have generally been carried ou t in the open ocean. 
Furtherm ore, these m easurem ents have usually been made to  investigate 
large scale phenomena, such as internal waves, and spatial sampling has 
been relatively coarse. Because the p resen t research is specifically 
in terested  in shallow  continental shelf w ater and fine scale fluctuation 
phenomena, a series of experim ents a t sea were conducted to  obtain 
m easurem ents w ith the required fine spatial reso lu tion  and from  suitable 
continental shelf locations.
Surveys, comprising vertical profiles of tem perature, salinity, sound speed 
and cu rren t velocity and horizontal profiles of tem perature, salinity and 
sound speed, were carried ou t in three cruises during the sum m er of
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1986. The locations, all on the continental shelf, were the area 5-40 km 
so u th -eas t of Portland (April 28th-M ay 1st), the Firth of Clyde and some 
adjacent lochs (June 29th-July 15th) and the general area of the  Channel 
Islands and the Hurd Deep (August 18th-29th). The positions of all 
survey sites are shown in Figure 5.1. Those discussed in th is C hapter are 
circled and their locations given in Table 5.1, b u t resu lts  from  several 
o ther sites are discussed in [59]. The survey vessel for Portland and the 
Channel Islands was RMAS Auricula, and fo r the Clyde was MV Dawn 
Sky, chartered  from  W arbler Shipping, Low estoft.
Table 5.1 
Locations o f Survey S ite s
SITE LATITUDE LONGITUDE WATER DEPTH
PORTLAND 1 50°17.9N 2°13.2'W 53m
CLYDE 1 5 5°57 .6N 4°53 .2 'W 43m
CHANNEL 1 4 9 °3 5 .5 ’N 2°36.1W 57m
CHANNEL 2 49°3 7 .6 N 3°19.2W 67m
It should be borne in mind when considering oceanographic m easurem ents 
of this nature th a t each survey represen ts a specific place a t a particu lar 
time. The Portland cruise was essentially  an equipm ent handling and
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Fig. 5.1 Locations of the sites surveyed during (A) the Portland cruise, (B) the 
Clyde cruise and (C) the Channel Islands cruise. Survey sites 
discussed in the text are  circled.
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proving exercise, and the survey sites were chosen arbitrarily. The Clyde 
cruise was characterised by unusually calm w eather w ith winds rarely 
exceeding 10-15 knots and sea s ta te s  generally 1-2. The Channel Islands 
cruise s ta r ted  with 15-20 knot winds and a large w esterly  swell building 
up during the firs t week. Work was stopped by a violent storm  
(Hurricane Charlie) A ugust 26th-27th and this was followed by continuous 
25 kno t winds and sea s ta te  5.
DESIGN OF EXPERIMENTS
The prim e object of these experim ents was to  obtain m easurem ents from  
relevant sea areas to  te s t  the predictions of the theory given in C hapter 2.
The relevant sea areas were defined in the term s of reference for the 
project, discussed in C hapter 1, as UK Continental Shelf w aters, depths 
up to  200m. The Portland area was chosen for the initial equipm ent 
handling tria ls  simply for convenience. The Firth of Clyde was chosen as 
another location as it was of particular in te rest to  ARE Portland, who 
had previously made m easurem ents there w ith the vertical profiler during 
the w inter m onths. The Channel Islands area was chosen as the third 
location because it was hoped to  be able to  survey on either side of the 
U shant Front, bo th  around the Channel Islands and in the open Channel, 
and thus obtain a variety of environm ental conditions. U nfortunately  this 
was no t achieved in practice, as discussed below under the heading of 
Conduct o f Experim ents.
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The theoretical predictions to  be te sted  were in the form  of horizontal 
wavenumber spectra  of refractive index fluctuations, b u t in practice these 
were related  to  tem perature and salinity fluctuations, thus the 
m easurem ents required were horizontal profiles of tem perature and 
salinity. Of particular in te rest was the buoyancy range in the horizontal 
tem perature spectrum , as this has received little  previous a tten tion , 
although the theory of C hapter 2 suggests th a t the existence of such a 
range in the shallow  w ater environment may contribute significantly to 
acoustic fluctuations. Also required were vertical profiles of tem perature, 
salinity and curren t velocity, firstly  to  enable estim ation of various 
param eters for the theoretical wavenumber spectra, and secondly to  
m onitor the large scale s truc tu re  of the environm ent and to  select 
depths for horizontal profiles.
Because much of the instrum entation used in th is project was supplied by 
ARE Portland, and because the new horizontal profiler was required by 
ARE to  be com patible with the existing equipment, the sensor 
specifications and many experim ental param eters, such sampling ra tes  and 
record lengths, were either fixed or severely restric ted . The instrum ent 
specifications are given in the next section.
INSTRUMENTATION
The m easurem ent system  used fo r these experim ents com prised five 
principal components:
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1) Vertical profiling underw ater unit.
2) H orizontal profiling tow  fish.
3) Deck unit.
4) Hydraulic winch and sea cable.
5) O n-board com puters.
The vertical profiling underw ater unit, the deck unit, the winch and cable, 
and the com puters and much of the associated softw are were ’inherited’, 
and the horizontal profiler was designed to  be com patible w ith this 
existing equipment. Because of this, param eters such as sampling ra tes 
and maximum record lengths were fixed and proved to  be a major 
restric tion  on the design of the experim ents, as mentioned above. The 
relevant details of the instrum entation are as follows:
V ertical Profiling U nderw ater Unit
The vertical profiling underw ater unit was purchased by ARE Portland 
(UTH1 Section) from Chelsea Environmental Instrum ents Ltd in late  1984. 
Figure 5.2 is a sketch of the unit, which consists of the following main 
com ponents:
1) Aqualink: data encoding and transm ission electronics unit, plus
internal sensors (pressure, tem perature, conductivity).
2) Turbidim eter/transm issiom eter.
3) Sound velocity meter.
4) Acoustic current meter.
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The local sea water parameters measured directly by the sensors are 
pressure, temperature, conductivity, sound speed, optical transmission 
coefficient and turbidity. The last two were not used in the present 
research.
The components are mounted within a stainless steel framework for 
protection and are connected together by means of a cable harness. The 
various sea water parameters are measured concurrently, and electronics 
within the Aqualink condition the raw data from the sensors. Analogue 
inputs are digitised to a 16 bit resolution and converted from parallel to 
serial format. The serial digital words are fed to a Manchester II encoder
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where they are translated into a self clocking code (Manchester Biphase) 
with additional error checking bits. The information is then transmitted 
to the deck unit via the sea cable.
The horizontal profiling underwater unit was purchased from Chelsea 
Environmental Instruments specifically for this research programme. The 
specifications of this unit match those of the vertical profiler and either 
system can be operated from the same deck and winch units. When used 
with the tow fish the sea cable carries out the dual task of towing and 
providing electrical connections to the underwater unit.
Figure 5.3 is a sketch of the unit, which consists of an Aqualink system, 
similar to that in the vertical profiler, mounted in a passive towed body. 
This body is constructed from stainless steel and is designed to be















Fig.5.3 Sketch of Towfish
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tow ed in a stab le configuration a t depths down to  75 m etres and speeds 
up to  5 knots (2.6 m s-1).
Sensors are carried in the body to  m easure pressure, tem perature, 
conductivity and sound speed. There is a w ater in le t in the nose of the 
body, and a number of o u tle ts  along the side, designed to  allow  lam inar 
flow of the w ater p ast the sensors as the fish is tow ed through the 
w ater.
There was some concern about w hether the flow  was in fac t laminar, and 
w hether the o u tle t holes were large enough to  cope w ith the volume 
flow through the inlet. If the o u tle ts  were too sm all, an area of 
stationary  or very slow moving w ater would be created in the centre of 
the tow  fish around the sensors, giving false m easurem ents relative to  
the environm ent outside the fish. To investigate this possibility, ARE 
carried out a te s t  comparing the ou tpu t from  the tem perature sensor 
w ith th a t from a similar sensor m ounted outside the tow  fish [60]. A 
close correlation between the ou tpu ts from  the two probes was found, 
hence it would appear unlikely, a t least a t the tow  speeds used in the 
p resen t experim ents, th a t there is any restric tion  in the w ater flow 
through the fish and p ast the sensors.
Deck Unit
The deck unit is contained within a standard  19" rack m ounting case. It 
provides power for the underw ater units, receives and decodes the  subsea
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data and passes the data to  the on-board com puter via an RS232 
interface.
The m anipulation of the data within the deck unit is contro lled  by a Z80 
m icroprocessor, using the STD bus standard. Signals from  the sea cable 
are converted to  strings of TTL pulses and then decoded by a 
M anchester II decoder chip. As the on-board com puters are available for 
real time displays of the underw ater param eters, as well as being the 
prim ary m ethod of data storage, the deck unit was not provided w ith a 
display facility.
W inch S y stem
A diesel hydraulic winch system  was used to  deploy both  the vertical 
p rofiler and the tow fish. The system , m anufactured by Gemmel and 
Frow Ltd., consists principally of an hydraulic winch and cable storage 
reel driven by a Lombardini diesel engine.
The 300 m etre sea cable, supplied with the winch, carries ou t the 
m ultiple task  of deploying and providing electrical connections to  the 
underw ater units. It is perm anently connected to  the winch a t a slip ring 
unit. The cable specification is sum m arised in Table 5.2 below.
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Table 5 .2  
S e a  Cable Specification
LENGTH 300m
OUTSIDE DIAMETER 4.6m m
TYPE 4 CORE DOUBLE ARMOURED
MINIMUM BREAKING STRAIN 1300kg
NOMINAL RESISTANCE 2 5 Q /3 0 0 m
O n-B oard  C om puters
A H ew lett Packard 9826 com puter was used to  s to re  and display the 
data. Softw are supplied by Chelsea Environmental Instrum ents Ltd. 
converted the transm itted  data into engineering units and com puted 
values of depth, salinity and sound speed from  the m easured data  as well 
as m onitoring the health of the underw ater units. The com plete da ta  se t 
is sum m arised in Table 5.3, along with an indication of the accuracy and 
reso lu tion  fo r the entire system.
The data  were recorded on the H ew lett Packard 5.25" floppy disc as each 
sam ple was taken, and the time needed for these data tran sfe rs  lim ited 
the sampling ra te  to  2Hz. The system  has since been modified to  increase 
the sampling rate, b u t w ith the se t up a t the time of these experim ents 
the b e s t spatial sampling interval was 0.05 m for vertical profiles and 0.5m
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Table 5 .3
Sum m ary of S e n so r  S pecifications
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(relative to  the water) for horizontal profiles, a t a tow  speed of 2 knots 
(1.0 m s-1). The maximum record length, determ ined by the disc capacity 
and the number of sensor channels in use, was about 4800 sam ples from  
the fu ll array of sensors. Thus, a t the maximum sampling ra te , vertical 
profiles up to  a depth of about 240m could be recorded, which was more 
than adequate, and a t 2 knots tow speed horizontal profiles were lim ited 
to  2400m.
A second 9826 com puter was used to  produce p lo ts of the recorded data 
as the experim ents proceeded to  check the validity of the data, and to  
carry ou t preliminary analyses of the vertical profiles to  help determ ine 
a t w hat depth the fish should be towed for horizontal profiles.
CONDUCT OF EXPERIMENTS 
Portland
The f irs t three days a t Portland were occupied with functionally testing  
the equipment, and towing trials  with the horizontal profiler. The fish 
was towed a t speeds up to  7 knots (3.6 ms 1), depths to  50m, in s tra ig h t 
lines and through turns, and proved to  be stab le under all conditions 
tested . Several runs were made to  confirm  the repeatability  of depth 
achieved for any cable len g th /to w  speed combination.
The solid lines in Figure 5.4 show theoretical predictions [61] of fish 
depth p lo tted  against deployed cable length fo r towing speeds o f 3 knots
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Fig. 5 .4  Theoretical predictions of tow fish depth (solid lines) versus cable 
deployed com pared with m easurem ents a t 3 (triangles), 5 (squares) 
and 7 (circles) knots.
(1.5 ms 1), 5 knots (2.6 m s"1) and 7 knots (3.6 ms 1) compared w ith the 
depths actually achieved when towing in a stra igh t line a t nominal speeds 
of 3 (triangles), 5 (squares) and 7 (circles) knots. The m easured fish 
depths are slightly less than the predictions and the discrepancy 
increases with cable length, suggesting th a t the drag o f the cable is 
g rea ter than originally estim ated, bu t the general agreem ent is good.
To dem onstrate  the stability  of the vehicle, Figure 5.5 is a p lo t of 
m easured fish depth versus time for a towing speed of 5 knots, and a 
nominal depth of 21m, in sea s ta te  2 conditions (wave height about lm).
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Fig. 5 .5  Fish depth plotted against time a t a tow speed of 5 knots, nominal
depth 21m, in S ea  S ta te  2.
The vehicle depth is steady within less than ± 0.05m, less than the 
diam eter of the body, which shows th a t there is little  coupling betw een 
surface waves and the towfish.
Surveying procedures were carried ou t on the la s t day, and the procedure 
adopted was as follows:
A series of vertical profiles were taken a t nominally 125m intervals along 
a s tra ig h t line. At each position RMAS Auricula was m oored fore and aft. 
Position fixing was by DECCA, with an absolu te accuracy of about 50m 
and a relative accuracy of about 20m. The vertical profiler was deployed
over the A fram e and lowered until the sensors were ju s t below the
surface. The unit was le ft in this position for about 1 minute to  ensure 
the sensors were w etted. The unit was then lowered slowly by winch to
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a dep th  approxim ately 2 m etres o ff the sea bed (determ ined by the ship's 
echo sounder). During the descent, a concurrent se t of readings from  
each sensor was recorded a t the maximum sampling ra te  of 2Hz.
Following each profile, the second HP 9826 was used to  p lo t graphs of 
tem perature and salinity vs depth from  the recorded data, and then 
tem perature gradient, curren t shear and kinetic energy dissipation 
com puted from  the data, as functions of depth, and these  were also 
p lo tted . The p lo ts  were examined to  determ ine depths w ith a high level 
of m icrostructure or interfaces betw een s tra ta , and this inform ation was 
used in deciding a t w hat depths horizontal profiles should be taken.
When the series of vertical profiles had been com pleted, the underw ater 
unit was recovered. The horizontal profiler was deployed and towed along 
the line a t each of the depths identified form  the vertical profiles a t the 
minimum speed com patible with maintaining control of the vessel; 
generally 2 - 3  knots. A 'run up’ of 1000 m etres was allowed a t the s ta r t 
of each run to  enable the vessel's speed to  stabilise and to  ad just the 
depth of the tow fish by paying ou t or hauling in cable. During each run, 
the time a t which each of the vertical profile positions was passed was 
noted so th a t the fish 's speed over the sea bed could be calculated.
Depending upon the wind and sea -s ta te , the series of 5 vertical profiles 
took betw een 2 and 3 hours and the horizontal tow s took 15 to  20 
m inutes each. A survey could thus be com fortably com pleted betw een 
changes of tide.
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Clyde
A to ta l o f 19 sites were surveyed during the Clyde cruise, 14 on the 
shipping channels betw een the Cumbraes and Greenock, 3 in the m outh 
of Loch Long and 2 in Gareloch. Generally the sites were chosen to  
coincide w ith those previously surveyed by ARE during the w inter of 
1984/1985 [58], so th a t seasonal changes m ight be identified.
The survey procedure developed a t Portland was generally followed, b u t 
it was found that, because of the ligh t winds and calm seas, mooring 
fore and a f t was not necessary and MV Dawn Sky could be held 
stationary  fo r vertical profiles using her bow th ruste r. A number of 
profiles were taken using anchors, bu lle t moorings and bow th ru s te r to  
com pare the resu lts , b u t no significant differences could be seen below 
about 3 m etres.
If it was suspected th a t the large scale s tru c tu re  of the area was 
anisotropic horizontally, for instance where the bo ttom  sloped steeply, 
the survey procedure would be repeated along a line crossing the firs t a t 
righ t angles.
DECCA signals were found to  be unstable in the Firth of Clyde, and 
position fixing was accomplished using radar bearings from  suitable 
ta rge ts, such as channel marker buoys and je tties. The ship’s m aster 
estim ated the relative accuracy using th is technique to  be b e tte r  than 10 
m etres.
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During the course of the experim ents, a num ber of m easurem ents were 
made to  obtain inform ation not available from  the standard  survey 
procedure:
1) A number of records were made w ith the vertical profiler held
a t a fixed depth so th a t fluctuations due to  m icrostructure 
being carried by the curren t could be compared w ith horizontal 
profiles obtained using the tow fish.
2) A num ber of horizontal profiles were taken over 2000 m etre
s tra ig h t tracks, to  confirm  th a t no large scale s tru c tu re  was 
being missed in the usual 500 m etre tracks.
3) A series of vertical profiles were taken  a t one position a t
half-hourly  intervals for half a day to  investigate the 
developm ent of the profile with the tide.
Channel Islands
It had originally been intended to  survey the U shant Front during this 
cruise, b u t its  position was not known a t the s ta r t  of the period due to  
low cloud cover interfering with sa te llite  infra-red  images, which are the 
normal means of locating such features. I t was therefore decided to  
conduct surveys in the Channel Islands area until more inform ation was 
available. 3 such profiles were com pleted.
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Inform ation was received via ARE th a t the fro n t should be found north 
of the Channel Islands. A search was initiated using RMAS Auricula's 
surface tem perature m easuring system , an XBT system , and the 
horizontal p rofiler towed a t 5 knots, 10 m etre depth. A tem perature  step  
of 0.5 -  1.0°C was located a t a number o f positions in the Hurd Deep 
area, b u t no pattern  was apparent. Search pa tte rn s  were res tric ted  by the 
proxim ity of shipping lanes.
A search fu rth er north failed to  find the tem perature  step , and it was 
suspected  th a t the feature was not part of a fron tal system , b u t a local 
e ffec t associated  with the Hurd Deep. To check th is a horizontal profile 
was taken across the Deep, and tem perature s teps were found on either 
side of the trough, corresponding approxim ately to  the 100 m etre 
contours. The tem perature over the Deep was 0.5 -  1.0°C low er than the 
surrounding area, and the level of m icrostructure was greater, being 
g rea te s t a t the tem perature steps.
At th is point work was in terrupted  by the passage of Hurricane Charlie.
Inform ation was received from RAE Farnborough tha t, before the storm , 
the fro n t had been 30-50 miles w est of our previous search, following a 
north  -  sou th  line. A search in this new area, however, s till failed to 
find a definite fron t, bu t again a sm all tem perature step  was found a t 
the edge of the Hurd Deep. The cruise was then concluded w ith a full 
survey of 5 vertical profiles and 3 horizontal profiles along a line 
crossing the  edge of the Deep a t this new location.
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PRELIMINARY DATA ANALYSIS
Before comparing the experim ental resu lts  w ith the theory of C hapter 2, 
a num ber of preliminary operations were carried ou t on the data which 
included validity checks, the removal of trends and outliers, com putation 
of variances and spectra  and estim ation of param eters fo r the theoretical 
model.
V ertical P rofiles.
The operations carried ou t on the data from  the vertical p rofiler may be 
sum m arised as follows:
1) To improve the presentation when the profiles are p lo tted  
against depth, the effects of ship’s vertical m otion were removed 
by sorting the sam ples into depth order to  produce a monotonic 
record.
2) The p lo tted  profiles were examined for outliers, which were 
edited out manually. The portions of the record before the 
profiler was lowered into the w ater and a fte r com pletion of the 
descent were discarded. If necessary, the depth  data  were o ffse t 
so th a t zero depth corresponded with the w ater surface (it was 
not possible to  adjust the sensor o u tpu t to  com pensate for 
changes in atm ospheric pressure).
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3) To simplify com putations of gradients, correlations and spectra, 
the data were in terpolated  using cubic splines to  produce new 
series with equal depth increm ents betw een data points. This 
m eant a t least doubling the size of each record, b u t did no t 
presen t a problem  with the relatively sm all record sizes of the 
vertical profiles.
4) Tem perature gradients and curren t shear were com puted using 
central differences.
5) Zero mean fluctuation records were com puted from  the profiles 
for estim ation of correlations, spectra  and rm s values by high 
pass filtering to  remove the mean profiles.
6) The rate of kinetic energy dissipation was com puted as a 
function of depth using Equation (2.16), which may be repeated 
here for convenience:
e = 7.5 v (d u /d z )2 (5.1)
Where e is the ra te  of kinetic energy dissipation due to  
viscosity, v is the coefficient of kinematic viscosity and u is the 
magnitude of the horizontal com ponent of the cu rren t velocity.
Some of these calculations were used during the experim ents, as a check
on the data and to  locate depths of in te rest for horizontal profiles.
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O thers, such as the kinetic energy dissipation, are used as param eters in
constructing  theoretical wave-num ber spectra.
H orizontal P rofiles.
The operations carried out on the data from  the horizontal profiles may
be sum m arised as follows:
1) The profiles are recorded as tim e series. This has been
converted to  distance over the sea bed using tim ings a t known 
positions noted during the tow  run.
2) The data were com pensated for variations in fish depth using
the respective tem perature, salinity and sound speed gradients, 
a t the nominal tow  depth, calculated from  the mean of the 
associated vertical profiles.
3) The portion containing transien ts due to  the fish stabilising or
the vessel changing speed or direction a t the s ta r t  and finish of 
each record was discarded. Obvious ou tliers and noise spikes 
were edited out manually.
4) Zero mean fluctuation records were com puted from  the profiles,
and any linear trend removed, by sub tracting  the data  from  the 
leas t squares stra igh t line fit to  the data.
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5) W ave-number spectra  were estim ated as follows: The detrended
record was divided into about 5 equal length  overlapping 
segm ents, and a suitable window applied to  each segm ent. The 
segm ents were then zero padded to  the length of the original 
record and FFT'd to  obtain a periodogram. These periodogram s 
were averaged to  estim ate the spectrum . This procedure had 
been determ ined by trial and erro r to  obtain reasonably sm ooth 
spectra  w ithout suppressing or blurring together the im portant 
features.
EXAMPLE VERTICAL AND HORIZONTAL PROFILES
Here, example resu lts  from each of the three survey areas are presented. 
Typical vertical and horizontal profiles are shown, along w ith some sound 
speed profiles and wavenumber spectra  com puted from  the horizontal 
profiles. The resu lts  will be discussed in greater detail, along with the 
analysis of the data, in Chapters 6 and 7. The example profiles from  each 
site, described as typical, were chosen as being nearest to  the average of 
all profiles a t th a t site. This is of course som ew hat subjective.
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Position PORTLAND 1: 50°17 .9N , 2°13 .2’W
Date: 1/5/86
S ta rt survey: 1220
C om plete survey: 1620
W ater depth: 53m
Conditions: Calm
Figure 5.6 shows typical vertical profiles of tem perature (solid line) and 
salinity (dashed line) from  the PORTLAND 1 site. A distinct warm surface 
layer is visible with some stra tification  down to  about 20 m etres. The 
w ater is well mixed below this depth. The tem perature range is 
approxim ately 0.4°C, with a salinity range of 0.1 ppt (parts per thousand). 
These profiles were taken early in the afternoon, and a t this location no 
surface layer was p resent a t the s ta r t of the day, bu t developed during 
the morning. M icrostructure on a sub-m etre  scale is seen in both  
profiles, albeit a t a low amplitude.
A horizontal tem perature profile a t a depth of 15m is shown in Figure 5.7. 
This shows fluctuations with a range of scale sizes and an rm s value of 
0.05°C. The power spectrum  com puted from  this tem perature data is 
shown in Figure 5.8, p lo tted  against spatial w ave-num ber (2ic/distance) on 
log-log  axes. The spectrum  certainly seems to  be com posed of a series of 
power law ranges: following a sh o rt portion of positive slope, the spectrum  
falls more or less linearly with increasing wave-number, w ith a slope initially 
about -3  then reducing to  approxim ately -1.8. This is in keeping w ith the 
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Fig. 5.6
Temperature  (solid line) 
and salinity (dashed 
line) vertical profiles at 
PORTLAND 1 site.
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Fig. 5.7 Horizontal temperature  profile, depth 15m, at PORTLAND 1 site, 
plotted against distance travelled over seabed by towfish.
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the spectrum a slope of -3 is expected, and isotropic homogeneous 
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Fig. 5.8 Wavenumber power spectrum estimated from the temperature  ser ies  
shown in Figure 5.7.
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Fig. 5.9
Temperature  (solid line) 
and salinity (dashed 
line) vertical profiles at 
CLYDE 1 site.
SAL INITY /  PPT
Figure 5.9 shows typical vertical profiles of temperature (solid line) and 
salinity (dashed line) from the CLYDE 1 site. Again, a surface layer is 
visible, with stratification extending down to 30 metres, the upper part 
of the profile having a distinct step-like appearance. The temperature 
range of about 5°C is much greater than at the PORTLAND 1 site, and 
because of the large temperature scale it is not easy to see if there is 
any fine scale structure in the profile. The salinity approximately mirrors 
the temperature at all depths, and in both profiles the water column 
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5.10 Horizontal temperatu re  profile, depth 10m, at  CLYDE 1 site.
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Fig. 5.11 Horizontal salinity profile, depth 10m, at CLYDE 1 site.
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Fig. 5.12 Wavenumber power spectrum estimated from tempera tu re  series  
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Fig. 5.13 Wavenumber power spectrum estimated from salinity series shown
in Figure 5.11
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H orizontal profiles of tem perature and salinity, a t  a depth of 10 m etres, 
are shown in Figures 5.10 and 5.11. The tem perature fluctuations show 
large fluctuations on scales of 10’s of m etres w ith a negligible fine-scale 
com ponent visible on this scale and an rm s value of 0.3°C, w hilst the 
salinity shows a degree of negative correlation w ith tem perature and has 
a s tro n g er fine-scale component. The salinity fluctuations have an rm s 
value of 0.06 ppt.
The tem perature and salinity fluctuation spectra  are shown in Figures 5.12 
and 5.13 respectively. In these examples a m oderate upward slope and the 
following steeply falling region, slope about -5, are well defined fo r both 
spectra. The tem perature spectrum  then has a range falling w ith a slope 
of about -2.9, and the final range for salinity has a slope of -1.9.
P o s i t io n  CHANNEL 1, N o r th  o f  G u e rn s e y :  4 9 ° 3 5 .5 'N ,  2 ° 3 6 .1 'W .
Date: 2 0 /8 /8 6
S ta rt survey: 0850
Com plete survey: 1430
W ater depth: 65m
Conditions: Wind calm, Sea s ta te  1 - 2 .
Figure 5.14 shows typical vertical profiles of tem perature (solid line) and 
salinity (dashed line) from  the Channel 1 site. The w ater colum n appears 
to  be com pletely mixed and although fine scale fluctuations are visible, 
their am plitude is very small.
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Fig. 5.14
Temperature  (solid line) 
and salinity (dashed 
line) vertical profiles at 
CHANNEL 1 site.
SRLINITY /  PPT
Horizontal profiles of temperature and salinity, at a depth of 30 metres, 
are shown in Figures 5.15 and 5.16 respectively. The temperature plot is 
similar to many Clyde profiles, and shows large scale (50-100 metres) 
fluctuations, but with some fine scale structure superimposed. The 
overall rms variation is only 0.02°C. The salinity fluctuations are 
very small, 0.006 ppt rms, and no structure on a scale larger than 
a few tens of metres is visible.
Temperature and salinity fluctuation spectra are shown in Figures 5.17 
and 5.18 respectively. The temperature spectrum is a good example of the 
three linear range model. There is an initial range with a slight downward
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Fig. 5 .15 H o r izon ta l  t e m p e r a t u r e  prof i le ,  d e p th  3 0 m ,  a t  CHANNEL 1 s i t e .
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Fig. 5.16 Horizontal salinity profile, depth 30m, at C H A N N E L  1 site.
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Fig. 5.17 Wavenumber power spectrum estimated from tempera tu re  ser ies 
shown in Figure 5.15
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Fig. 5.18 Wavenumber power spectrum estimated from salinity series shown
in Figure 5.16
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slope , then a t about log wavenumber -1.2 (corresponding to  a scale size 
of 100 m etres) the spectrum  falls w ith about -3 slope until log 
wavenumber 0.0 (or scale size 6 m etres) where the slope becomes -1.3. 
The salinity spectrum  shows an upward sloping region extending to  log 
wavenumber -1 (scale size 60 m etres) and then the spectrum  falls  with 
slope about -1.
Position CHANNEL 2 , N o rth -W est of G uernsey: 4 9 03 7 .6 ’N, 3°19 .2 'W
Date: 29 /8 /86
S ta rt survey: 0810
Com plete survey: 1230
W ater depth: 69m
Conditions: Wind 25 knots no rth -w est. Sea s ta te  5. Three
days a fte r passage of Hurricane Charlie.
Figure 5.19 shows typical vertical profiles of tem perature (solid line) and 
salinity (dashed line) from the Channel 2 site, the tem perature profile 
shows a 10 m etre deep mixed surface layer, about 1°C warm er than the 
bo ttom  water, with some sign of stra tification  and a relatively sm ooth 
tem perature gradient down to  40 m etres. The salinity, as in the  example 
from  Channel 1, is uniform throughout the w ater column, w ith low 
am plitude fine-scale s truc tu re  a t all depths b u t m ost prom inent in a 
layer around 10 m etres.
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Fig. 5.19
Temperature  (solid line) 
and salinity (dashed 
line) vertical profiles at 
CHANNEL 2 site.
S R L I N I T Y  /  P P T
Horizontal profiles, at a depth of 10 metres, are shown in Figures 5.20 and
5.21 for temperature and salinity respectively. Despite dramatic changes in 
weather and sea state, and the very different vertical profile, these plots 
are remarkably similar to the the Channel 1 examples. The fluctuation levels 
are slightly higher, although still relatively low, the temperature data having 
an rms value of 0.07°C and the salinity an rms value of 0.007 ppt.
The temperature and salinity fluctuation spectra are shown in Figures
5.22 and 5.23 respectively. Not surprisingly, considering the similarity of 
the horizontal profiles, these are almost identical to their counterparts 
from the Channel 1 site, and no further description is needed.
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Fig. 5.21 Horizontal salinity profile, depth 10m, at C H A N N E L  2 site.
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Fig. 5 .22 Wavenumber power spectrum estimated from tempera tu re  ser ies 
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Fig. 5.23 Wavenumber power spectrum estimated from salinity series shown
in Figure 5.21




The exam ples o f bo th  vertical and horizontal profiles from  the  three  
areas on the  con tinen tal shelf p resen ted  in the  previous section  appear 
very d ifferen t. In fact, significant changes in m easured pro files w ere seen 
from  one hour to  the next, and over distances o f only a few  hundred 
m etres. On th e  o th e r hand, the spectra  com puted from  the horizontal 
profile flu c tu a tio n s  are rem arkably sim ilar in character.
Exam ination o f the  horizontal tem perature sp ec tra  shown in Figures 5.8, 
5.12, 5.17 and 5.22 confirm s th a t there  is a buoyancy range w ith  a -3 
pow er law, and a suggestion of an inertial range w ith  a -5 /3  pow er law 
as predicted  by the  model of C hapter 2.
Because o f the  restric tion  on record lengths, the  da ta  do n o t ex tend  to  
low enough w avenum bers to  determ ine the precise form  of th e  source 
range; the  lo n g est single tow  was 2000m, equivalent to  a wavenum ber of
—3 —*13.1 x 10 m . Below the buoyancy range, however, the  sp ec tra  generally 
appear e ith e r to  be level, o r to  have a s lig h t upward slope, and the 
source range is assum ed to  rise linearly from  a value o f zero a t  zero 
wavenumber. The source range contribution to  am plitude fluc tua tions is 
negligible, b u t i ts  form  may be significant fo r  phase fluc tuations.
Because o f th e  restric tion  on sam pling ra tes  the inertia l range is no t 
well rep resen ted , and the spectra  do no t extend to  the  d issipation  range; 
the sam pling interval of 0.5m is equivalent to  a wavenum ber o f 1.2m-1 
The inertial range has been extensively studied elsew here (eg [6,7]), and
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the spectrum  has fallen to  such a low level a t the dissipative cu t-o ff  
th a t it  has no significant effect on acoustic propagation.
The buoyancy range is well represented however and, because this 
in term ediate wavenumber range in the tem perature spectrum  has received 
little  a tten tio n  elsewhere, it was a major objective of these  experim ents 
to  confirm  its  theoretical representation in the model o f C hapter 2.
Boundary W avenum bers
As discussed above under the heading of prelim inary data  analysis, in 
o rder to  estim ate the boundary wavenumbers dividing the spectra l ranges 
so th a t a quantitative comparison betw een the model and the 
experim ental resu lts  may be carried out, a num ber of param eters were 
com puted from the vertical profiles associated w ith the tow  runs from 
which the spectra  are derived.
The upper lim it of the source range, ic , is determ ined from  Equation (2.6), 
simply from  a knowledge of the w ater depth and the depth o f the 
observation. The upper lim it of the inertial range, ic , is obtained from 
Equation (2.8). These equations are repeated here for convenience:
k: = (tc/ 4) [ 1 /z + 1 / (h -  z) ]  (5.2)m
where z is the depth of the observation, and h is the w ater depth. The 
co n stan t K which occurs in Equation (2.5) has been determ ined as
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approxim ately 1/4 by comparing com puted values fo r ic with those 
estim ated  by visual examination o f the spectra  obtained from  the 
m easured horizontal profiles, as will be discussed fu rth er below, to  arrive 
a t the  fac to r tc/ 4 in Equation (5.2).
ic = (3p/2)~3 /4  (e/D 3)1/4 ^  (e/D 3)1/4 (5.3)
where P is a dim ensionless constant, generally taken as 0.59 [11].
In order to  evaluate Equation (5.3) it is necessary to  find the therm al 
diffusivity, D, and the ra te  o f dissipation of kinetic energy, e , a t the 
observation depth. The diffusion constan t D may be found from  standard 
tables, b u t varies little  with tem perature from  a value of 1.38 x 10 a t 
10°C. Kinetic energy dissipation is obtained from  one of the vertical 
cu rren t profiles associated with the run, using Equation (5.1), as described 
above.
It should be noted th a t this equation stric tly  applies only to  isotropic 
turbulence. It is probable th a t vertical shears are a significant p a rt of 
the energy dissipation, and if the turbulence is no t isotropic it will 
change the numerical coefficient from 7.5 to  a lower value which will 
still be g rea ter than 2 [50]. The turbulence is more likely to  be isotropic 
where e  is large. When the dissipation is low the isotropic form ula 
probably overestim ates the the dissipation rate, bu t w ithout fu rther 
inform ation the equation m ust be used as it stands.
5. EXPERIMENTS AT SEA 174
To obtain the buoyancy wavenumber, tc^, from  Equation (2.3) it is 
necessary to  determ ine the Brunt Vaisala frequency from  Equation (2.4) 
and, once more, these equations may be repeated:
where C is a positive constan t and N is the B runt-V aisala or buoyancy 
frequency:
Here g is the acceleration due to  gravity and p is the w ater density. The 
co n stan t C has been determ ined as approxim ately 0.018 by comparing
visual examination of the spectra com puted from  the m easured horizontal 
profiles, as in the case of the constan t fac to r in Equation (5.2).
vertical tem perature and salinity profiles using empirical form ulae such as 
th a t given by Cox, McCartney and Culkin [63].
Examples of the resu lts  of such calculations are presented in Figure 5.24,
taken from  the CLYDE 1 location discussed above. This figure shows
tem perature gradient, curren t shear, Brunt Vaisala frequency and kinetic
energy dissipation ra te  p lo tted  against depth. It can be seen th a t the
g rea te s t activity is in the top 10 m etres of the w ater column, although
”7 ”1high levels of energy dissipation (>10 Wm ) are seen a t  all depths.
(5.4)
(5.5)
com puted values for the buoyancy wavenumber w ith those estim ated by
The density and density gradient may be com puted from  the associated
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Fig. 5 .24 Temperature gradient, curren t shear, Brunt Vaisala frequency and 
kinetic energy dissipation ra te  computed from vertical profiles at 
CLYDE 1 site and plotted against depth.
There is a strong correlation between the Brunt Vaisala frequency and 
the energy dissipation because density gradients are likely to be greatest 
where there are strong current shears or high levels of turbulence, and 
high energy dissipation rates.
Figure 5.25 shows examples of ic (dash-dot), c, (solid line) and k ° r m  b p
(dashed line) computed from the same vertical profile as that used for 
Figure 5.24 using Equations (5.2), (5.4) and (5.3) respectively. The constant 
C in Equation (5.4) has been determined as 0.018 by comparison between 
the values for obtained with this equation and those estimated from













0 10 2 0  3 0  4 0  5 0  6 0
DEPTH / METRES
Fig. 5 .25 Upper limit of source range (dash-dot), buoyancy range tc^
(solid line), and inertial range (dashes) computed from vertical 
profiles at CLYDE 1 site and plotted against depth.
spectra computed from the experimental data. Both and are more 
or less constant with depth, apart from fluctuations, although 
increases in the top 10 metres due to the higher energy dissipation rate 
there. varies smoothly with depth, being greatest at the surface and
bottom and reaching a minimum at mid-depth, as expected.
Table 5.4 gives examples of values of k:m , the upper limit of the source 
range, and the buoyancy wavenumber, computed using Equations (5.2) 
and (5.4) respectively, after values of the various constants had been
determined, compared with values estimated by visual inspection of the
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Portland area, the  la st from the Channel Islands and the rem ainder from  the 
Clyde. Further details of these surveys will be found in [59,64,65]. It can be 
seen th a t the  agreem ent betw een the values estim ated from  the 
horizontal spec tra  and those obtained from  vertical profiles is generally good.
Table 5 .4  













< m k:m *b
1 50°17.9N 2°13.2'W 15 0.150 2 .00 0.150 2 .34
2 55°45 .1N 4°59.3 'W 10 0 .059 1.15 0 .085 1.17
3 55°45 .1N 4°59 .3  W 20 0 .032 0.76 0 .049 0.87
4 55°45.1'N 4°59.3 'W 35 0 .032 1.62 0 .035 1.61
5 55°45 .1N 4°59 .3  W 60 0 .036 1.67 0 .033 1.63
6 5 5 °5 7 .6 ’N 4 °5 3 .2 W 10 0 .088 1.45 0 .098 1.46
7 5 5 °5 8 .5 N 4°46.2 'W 7.5 0.144 2 .25 0.155 1.75
8 4 9 °3 7 .6 N 3°19.2’W 10 0 .068 1.15 0 .095 1.28
5. EXPERIMENTS AT SEA 178
W avenum ber S p e c tra
The final form  of the tem perature spectrum , from Equation (2.9), is:
®T(ic> =
«D 4/3  -41C i 1Cm b m
O 4/3  -31C, 1Cm b
<D k- S /3m
0
ic ^ icm
1C £ K < IC,m I




and if the tem perature variance is known, the fac to r Om is obtained from 
Equation (2.12):
<X> = <T2>m / [ i 4/3  -2 -2 /3  _ 3 - 2 / 3c b ■ c m c b 2 Kp ] (5.7)
Some examples of the model tem perature spectrum  com pared with
experim ental resu lts  are shown in Figures 5.26 to  5.29. Figure 5.26 is
from the PORTLAND 1 site. The m easured spectrum  is shown as a solid
line and the dashed line is the model prediction using com puted values
for k and ic, from Example 1 in Table 5.4 and a value fo r ic of m b  ^ p
1609m-1. The agreem ent is good throughout the wavenumber range.
Figure 5.27 is from  the CLYDE 1 site. Again the solid line is the 
measured spectrum  and the dashed line is the model, w ith com puted 
values for ic and ic^  from Example 6 in Table 5.4 and a com puted value
for ic of 1553m 1. Here the agreem ent is good a t high wavenumbers, 
- labove about 0.2m , bu t in the source range and the low end of the
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Fig. 5 .26 Temperature spectrum from PORTLAND 1 site (solid line) compared 
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Fig. 5.27 Temperature spectrum from CLYDE 1 site (solid line) compared with 
the model (dashed line).
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Fig. 5 .28  Tem perature spectrum  from position 55°45.TN, 4 °5 9 .3 ’W in the 
Clyde Estuary (solid line) compared with the model (dashed line).
buoyancy range the measured spectrum is higher than the model by a 
factor of about 10. This is possibly an effect due to internal waves, 
which were observed in the area, and are not included in the model, but 
this is the only case examined to show such a large discrepancy.
Figure 5.2.8 is from another location in the Clyde Estuary, position 
S5°45.TN, 4°S9.3'W, corresponding to Examples 2-5 in Table 5.4. The solid 
line is again the measured spectrum and the dashed line the model. The 
computed values for and are taken from Example 2 in Table 5.4, 
and Kp is 1395m-1. This time the agreement is good, although no 
explanation has been found for the dip in the measured spectrum at a
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Fig. 5 .29 Tem perature spectrum from CHANNEL 2 site (solid line) compared 
with the model (dashed line).
wavenumber of 0.125m , which corresponds to a scale size of about 50 
metres.
Finally Figure 5.29 is from the CHANNEL 2 location. The measured
spectrum is shown as the solid line again and the dashed line is the
model with values for t and >c taken from Example 8 in Table 5.4 andm  p K
ic computed as 1350m-1. Once again, reasonable agreement is seen 
throughout the wavenumber range.
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These resu lts  are very encouraging. The agreem ent between the spectra  
estim ated from  horizontal tem perature profiles and the model predictions 
is in all cases good in the middle range o f wavenumbers, corresponding 
roughly to  the buoyancy and inertial ranges, and i t  should be rem em bered 
th a t the model param eters are obtained entirely from vertical profiles.
The divergence a t the extrem es of the wavenumber range is largely due 
to  the lim itations of sampling intervals and record lengths explained 
previously. The w ater depth m ust also be considered. A t the low 
wavenumber end, the m easured spectra  begin to  deviate from  the model 
a t wavenumbers of about ic=0.05m-1. As ic=27t/jP, th is corresponds to  scale 
sizes in the order of 100m. The w ater depth for all these m easurem ents
was in the range 50m to 150m. It is clear th a t neither velocity nor
tem perature fluctuations can be isotropic on scales larger than the w ater
depth, so some deviation from a model based largely on the concept of 
isotropic fluctuations is to  be expected.
Although it has been s ta ted  th a t phase fluctuations depend strongly  on 
the larger scale variations of the medium, the scales a t which the model 
begins to  deviate significantly from  the experim ental resu lts  are 
comparable with the maximum acoustic propagation ranges in this 
application. As was described in Chapter 1, such large scale fluctuations 
are considered variations in the mean s tru c tu re  of the medium, ra ther 
than fluctuations, and in the p resen t con tex t are no t expected to
influence acoustic fluctuations significantly.
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CONCLUSIONS
These re su lts  will be considered fu rth er in C hapter 6, b u t a num ber of 
tentative conclusions may be drawn from  this initial perusal of the 
environmental data:
1) Shallow continental shelf w aters are complex and highly variable 
and vertical profiles can change significantly within hours and 
over distances of a few hundred m etres.
2) There is generally a region of strong  fine scale fluctuation  
associated with the surface layer and any stra tification  
immediately beneath it. The lower mixed portion of the w ater 
column is relatively quiet.
3) Tem perature fluctuations are higher by up to  an order of 
m agnitude than those expected in the open ocean.
4) Fluctuation spectra are similar in form over the wavenumber
range examined, and support the concept of a model based on a 
series of power law ranges.
C h a p t e r  6  
A C O U S T I C  F L U C T U A T IO N S  A N D  ARRAY  
DIRECTIVITY
In this chapter, the m easured environmental data from  C hapter 5 will be 
combined with the propagation theory of C hapter 2 to  estim ate the 
correla tion  functions of medium induced phase and am plitude fluctuations 
in an acoustic signal a t a number of frequencies within the range of 
in te rest. These resu lts  will then be used w ith the array beam pattern  
sim ulation m ethod of C hapter 3 to  investigate the effec t of fluctuations 
on the resolution achievable from  a transducer array, which is the prime 
objective of this research as defined in C hapter 1.
TYPICAL ENVIRONMENTAL CONDITIONS
In order to  use the wavenumber spectrum  environm ental model of C hapter 2, 
a se t of ’typical’ and 'w orst case' environm ental conditions have been 
determ ined. Examination of Table 5.4 suggests th a t the wavenumbers 
defining the upper lim it of the inertial range, »c m , and the upper lim it of
6. ACOUSTIC FLUCTUATIONS AND ARRAY DIRECTIVITY 185
the buoyancy range, ic^, have a relatively sm all spread in the ir values, 
w hilst the theory of C hapter 2 shows th a t acoustic propagation is no t 
very sensitive to  the value of ic  , the upper lim it o f the inertial range. 
Thus, it  is reasonable to  take as typical values for these param eters the 
mean of the data listed  in Table 5.4.
The levels of tem perature fluctuation  observed do cover a wide range 
and, of course, acoustic fluctuation levels depend directly on the 
tem perature fluctuation level. Therefore a 'typical' case is taken as the 
mean of the data from  the records used to  compile Table 5.4, and a 
'w orst' case as the maximum level of tem perature fluctuation  encountered 
in those records.
The values obtained for »c m> ic^, and rm s tem perature are lis ted  in 
Table 6.1. The corresponding refractive index variance <p2>, from  Equation 
(2.14), is given by
<p2> = <T2> (d c /d T )2 /  c 2 (6.1)
where <T > is the tem perature variance, c is sound speed and cQ is the 
mean sound speed. The value obtained for refractive index variance using 
this form ula is also included in Table 6.1. These data  were used in 
C hapter 2 to  compile Table 2.1 and produce the example correlation 
functions, and will be used in the 'typical' and 'w orst case' sp ec tra  in 
w hat follows.
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Table 6.1







KP m -1 1840
\ m s °C 0.13 0.30
<|i2 > 1.0 x 10~7 5 .2  x 10"7
It should be noted th a t the tem perature fluctuation  levels are up to  an 
o rder of magnitude higher than values quoted in the lite ra tu re  as typical 
in the open ocean (eg [2,36,43,49]).
The final form  of the tem perature wavenumber spectrum  from  C hapter 2, 
Equation (2.9) is w ritten:
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where, if the tem perature variance is known, is given by Equation 
(2.12) as:
= <T 2> /  [ K 4 / 3 ‘ m 2 * < b 2 /3  -  K 2 / 3 ]  (6-3)
The Fourier transform  relationship betw een the spectrum  and the spatial 
correlation function is given in Appendix B, Equation (B.15) as follows:
O (ic) = —  f c  (r) exp(-i)cr)d r 
V- 2tc J-oo H
(6.4)
A OO
C (r) = I G> (k:) exp(iKrr)d)c 
‘ J —OO ^
The tem perature spatial correlation function obtained by using the values 
in Table 6.1 in these equations is shown as the solid line in Figure 6.1 for 
separations up to  100 m etres, which is far larger than any transducer 
array likely to be considered within the term s of reference (note th a t 
a 100 wavelength aperture a t 30kHz is 5m). It is clear th a t the 
tem perature fluctuations are highly correlated over d istances up to  about 
5m and, in fact, the correlation scale is 19.1m. This is in keeping w ith the 
large scale tem perature fluctuations seen in the horizontal profiles shown 
in C hapter 5. For comparison, the dashed line shows the correlation 
function com puted from the measured horizontal tem perature profile 
shown in Figure 5.10. The boundary wavenumbers associated w ith this 
profile are listed  as Example 6 in Table 5.4, and are close to  the values 
given in Table 6.1, so it is gratifying th a t the two correlation curves are 
similar.
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Fig. 6.1 Theoretical tem pera tu re  spatial correlation function (solid line) 
com puted using 'typical' p a ram ete rs  from  Table 6.1 and correlation 
function computed from m easured  horizontal profile (dashes) 
listed as Example 6 in Table 5 .4
It should be noted  here tha t, although there is a relatively sm all spread 
in the spectrum  param eters listed  in Table 5.4, correlation functions 
com puted from  the horizontal profiles have a range of scale sizes from 
about lm to  over 30m. These correlation scales are particularly  sensitive 
to  the value of which determ ines the relative im portance of
turbulence and buoyancy induced fluctuations, although no simple 
relationship has yet been found.
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ACOUSTIC PROPAGATION
The correla tion  scale of the ’typical’ tem perature fluctuations is larger by 
an order of m agnitude than had been expected a t the s ta r t  of this 
research  program m e -  the value m easured by Liebermann [2] had initially 
been assum ed. Because of this, propagation conditions will be in the 
geom etric optics, o r ray theory, region discussed in C hapter 2 (see 
Equation (2.19)). U nfortunately, the refractive index wavenumber spectrum  
cannot be represen ted  by the Kolmogorov form, nor is the associated 
spatial correla tion  function a stra ightforw ard  Gaussian or exponential 
curve, so the sim ple propagation form ulae given, for example, by Chernov 
[15] cannot be applied. Thus Rytov’s m ethod as detailed in C hapter 2 
m ust s till be used. Nevertheless, a number of characteristics are to  be 
expected from  ray theory [571:
The am plitude correlation function and the level of am plitude 
fluc tuations will be independent of frequency and the am plitude variance 
is p roportional to  the cube of the propagation distance. The phase 
variance w ill be proportional to  the square of the frequency and directly 
proportional to  the  propagation distance.
F urther com m ents are possible if the form ulae given in C hapter 2 fo r the 
phase and am plitude correlation functions, Equation (2.30), and the 
associated spectra l filte r functions, Equations (2.31) and (2.32), are 
considered. The c u t-o ff  wavenumber associated w ith these f ilte r
functions is given by
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lCj = y  7 c k / L  (6.5)
where k is the acoustic wavenumber and L is the propagation distance.
The value of lies in the range 0.6m_1 to  40m-1 for all frequencies and 
propagation distances considered, and only fo r the low est frequencies and 
longest ranges is it less than the typical value for the buoyancy 
wavenumber, ic^, of 1.4m-1. The phase correlation function will depend 
upon the whole refractive index spectrum , b u t w ith an em phasis on the 
source and buoyancy ranges, and its  correlation scale will be of the  same 
order as th a t for the fluctuations in the medium. The am plitude 
correlation function, however, because the spectral f ilte r function acts as 
a high pass filter, will depend only upon the inertial range, th a t is, it  
will appear to  be alm ost entirely due to  turbulence w ith little  
contribution from the inertial range. Thus its  correlation scale will be 
much less than th a t of the refractive index and the level of am plitude 
fluctuations will be very much sm aller than for phase.
The general characteristics of the phase (solid line) and am plitude 
(dashed line) variances when p lo tted  against propagation range are 
illu stra ted  in Figure 6.2. The propagation range, L, is norm alised relative 
to  the Fresnel distance, ka /4 , where k is the acoustic wave num ber and 
a is the refractive index correlation scale; this distance rep resen ts  the 
limit of validity of ray theory (see Equation (2.19)). Also m arked on the 
figure is the maximum range of in te rest in the p resen t study a t 30kHz, 
assuming th a t the index correlation scale, a, is o f the order of 20m. It is










Fig. 6 .2  General ch a rac te ris tic s  of the phase (solid line) and log-amplitude 
(dashed line) variances plotted against propagation range.
not possible to  mark the maximum ranges a t higher frequencies on this 
scale as the points would alm ost coincide w ith the origin, however, it is 
clear th a t w ith such large scale fluctuations all range/frequency 
combinations are within the Fresnel zone.
It may be seen th a t for a sho rt distance, the am plitude does no t vary 
much whereas the phase is directly affected  by the distance of propagation, 
the fluctuations increasing rapidly a t first. As the range increases tow ards 
the Fresnel distance, where d iffraction effects  become noticeable, am plitude 
fluctuations begin to  appear, w hilst the ra te  of increase of the  phase 
fluctuation begins to  drop. Eventually, p ast the Fresnel zone, am plitude 
and phase fluctuations both  increase a t the same rate.
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Table 6 .2  










30 1000 0.307 0 .698 7.97 18.2
100 500 0.114 0 .260 18.7 42.7
300 250 0.0160 0 .0 3 6 4 39.8 90.6
1000 100 0.00106 0 .0 0 2 4 0 83.8 191.0
Thus, to  summarise, it is to  be expected th a t am plitude fluctuations will 
be small, with a correlation scale much less than th a t of the refractive 
index, w hilst phase fluctuations will grow rapidly w ith bo th  range and 
frequency, and will have a correlation scale sim ilar to  th a t of the 
refractive index.
The predicted rm s am plitude and phase fluctuations corresponding to  the 
typical and w orst case conditions are listed  in Table 6.2 a t a num ber of 
frequencies for the maximum propagation distance of in terest. The values 
obtained are consisten t with the com m ents made above, b u t it  can be 
seen th a t the predicted phase variations are very large indeed. The 
reasonableness of such large values may be confirmed by a simple 
calculation:
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Suppose an acoustic wave propagates through a medium w ith a mean 
sound speed c , and suppose th a t for some distance a along the 
propagation path  the sound speed deviates from  the mean by Ac. If the 
propagation time for the unperturbed medium is x, and including the 
sound speed deviation it is x + Ax, then it is easily shown th a t Ax is 
given by the equation
Ax = a A c / [ c Q(co + Ac)] (6.6)
which corresponds to  a phase deviation given by
A0 = k a A c /( c Q + Ac) (6.7)
It has already been determ ined th a t a typical scale size, a, fo r the 
fluc tuations in the medium is about 20m, and inspection of the horizontal 
profiles in C hapter 5 will show tem perature fluctuations up to  about 
0 .3°C . As d c /d T  is a p p ro x im a te ly  4 m /s /° C , Ac is a b o u t  1.2ms 1. 
S u b s t i tu t in g  in E q u a tio n  (6.7) g ives p h a se  d e v ia t io n s  o f  2 ra d ia n s  
a t  30kH z and 67 ra d ia n s  a t  1MHz, w hich  is o f  th e  sam e  o rd e r  as th e  
rm s  v a lu e s  in T ab le  6.2.
It should be pointed out that, although the absolute phase fluctuations 
may be very large, because the fluctuations are a lm ost com pletely 
correla ted  over the length of any practical array, the phase differences 
betw een array elem ents will be much sm aller. The e ffect is equivalent to  
a sm oothly curved wavefront.
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Predicted am plitude fluc tuations are much sm aller, as expected, although 
by no means are they insignificant a t the longer propagation distances. 
At high frequencies, and hence sh o rt ranges, th e  level is very low, b u t a t 
the bo ttom  of the frequency range and a t maximum propagation distance 
the fluc tuations approach the  level a t which m ultip le sca tte ring  becomes 
im portant, ie <x2> = 1.
An example of the am plitude and phase correlation functions com puted 
using Equation (2.30) and the associated  spectra l f il te r  functions given by 
Equations (2.31) and (2.32) is shown in Figure 6.3 fo r 100kHz a t  500m 
propagation distance. The 'typical* refractive index spectrum  was used in 
the calculation. The solid line shows the am plitude correla tion  function, 
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Fig. 6 .3  Theoretical log-am plitude (solid line) and phase  (dashed  line) 
correlation functions fo r 100kHz a t 500m . The do tted  line is the 
refrac tive  index correlation correlation function.
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refractive index correlation function taken from  Figure 6.2. The phase 
correlation function is alm ost identical to  the refractive index curve up 
to  separations of about 22m, bu t does not fall below zero. The am plitude 
correlation function, however, is narrower, having a scale size o f 9.8m, 
about half th a t of the refractive index.
In the geom etric optics region these correlation functions depend alm ost 
entirely upon the medium, and do not change noticeably over frequencies 
from 100kHz to  1MHz a t any propagation range, and for all frequencies 
a t propagation distances g reater than about 200m. The am plitude 
correlation function begins to  broaden slightly  a t the low est frequencies 
and longest ranges where the spectral filte r c u t-o ff  wavenumber 
(Equation (6.5)) is less than the buoyancy wavenumber. Thus only one 
example is necessary.
ARRAY PERFORMANCE
From the preceding discussion it is apparent th a t the degradation of 
array beam patterns is likely to  be w orst a t low frequencies and long 
ranges, for two main reasons: firstly, bo th  phase and am plitude
fluctuations are g rea tes t a t long ranges and, secondly, as the frequency 
is lowered then the size of an array of a given aperture in wavelengths 
will physically increase relative to  the correlation scales of the phase and 
am plitude fluctuations. This will reduce the degree of correlation along 
the array and hence the relative phase and am plitude variations betw een 
elem ents will increase.
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B eam pattern  S im ulations.
Figures 6.4 -  6.7 show the degrading e ffec t of both  am plitude and phase 
fluctuations on array beam patterns, predicted using the sim ulation 
technique described in C hapter 3. Sequences o f sim ulated beam patterns, 
p lo tted  on a linear vertical scale, are shown in Figures 6.4 for 30kHz and
6.5 fo r 100kHz. In both  figures the array has 50 elem ents in A, 200 
elem ents in B, 500 elem ents in C and the in ter-e lem ent spacing is half a 
wavelength. The overall array lengths are thus 1.225m, 4.975m and 12.475m 
in A, B and C respectively a t 30khz and 0.3675m, 1.4925m and 3.7425m in 
A, B and C respectively a t 100kHz. These lengths range from  roughly 
0.06 to  0.6 tim es the medium correlation scale a t 30kHz and 0.02 to  0.2 
tim es the medium scale a t 100kHz.
Phase and am plitude correlation functions were generated for propagation 
ranges of 1000m a t 30kHz and 500m a t 100kHz, w ith fluctuation levels 
taken as the ’typical’ from Table 6.2.
The beam pattern  sequences shown in Figures 6.4 and 6.5 are very sim ilar 
(but note the changes in the horizontal scale), and also have much in 
common with those shown in figure 3.3. It is noted th a t the main effect 
is one of the entire beam pattern  translating  horizontally ra ther than a 
change of shape in the individual pa tte rn s in the 500 elem ent examples 
(example C in each case).
The s ta tistica l beam patterns com puted from  these sim ulations are shown 
in Figures 6.6 and 6.7, corresponding to  Figures 6.4 a t 30kHz and 6.5 a t
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Fig. 6.4 Sequences of simulated beam patterns, plotted on a linear vertical 
scale, for array lengths of 50 (A), 200 (B) and 500  (C) elements. 
Frequency 30kHZ, range 1000m and ’typical' environment.
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Fig. 6.5 Sequences of simulated beam patterns, plotted on a linear vertical 
scale, for array lengths of 50 (A), 200  (B) and 500  (C) elememts. 
Frequency 100 kHZ, range 500m and ’typical' environment.
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Fig. 6.6 Ideal pattern (solid line), average (dashed line) and maximum level 
(dotted line) for arrays of 50  (A), 200  (B) and 500  (C) elements 
computed from simulations shown in Figure 6.4 for 30kHz 1000m
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Fig. 6.7 Ideal pattern (solid line), average (dashed line) and maximum level 
(dotted line) for arrays of 50 (A), 200  (B) and 500  (C) elements 
computed from simulations shown in Figure 6.5 for 100kHz 500m
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100kHz respectively. Again, examples A, B and C are for arrays o f 50, 
200 and 500 elem ents respectively. In each case the solid line is the ideal 
p a tte rn , w ith no fluctuations, the dashed line is the average p a tte rn  
com puted from  the ensem ble of sim ulated beam patterns, and the  do tted  
line is the  maximum level reached in the ensemble.
The re su lts  are similar a t the two frequencies, and two observations may 
be made. Firstly, the maximum level curves have the same stepped 
appearance seen in Figure 3.4, due to  the side to  side variations o f the 
individual beam patterns, and secondly, the average p a tte rn s  show  an 
increase in beam width and a fall in sensitivity relative to  the ideal beam 
as the  array length  increases. These two observations may now be 
considered separately.
Beam w idth V ariation.
Ideally, the beam width of a line array is proportional to  X/La, where X is 
the acoustic  wavelength and La is the array length, and th is reduction in 
the ideal beam width with increasing array length  is apparent in Figures
6.6 and 6.7 (noting the changing horizontal scales). The average patte rn  
however, although having about the same beam width as the ideal fo r a 50 
elem ent array, does not reduce greatly  in w idth as the array leng th  is 
increased. The average patterns have about the same beam width fo r 200 
and 500 elem ent arrays. This is of course in keeping with the discussion 
of C hapter 2, where it was predicted th a t the average p a tte rn  should 
converge to  the  shape of the plane wave spectrum .
6. ACOUSTIC FLUCTUATIONS AND ARRAY DIRECTIVITY 2 0 2
This is dem onstrated  more clearly in Figure 6.8 a t 30Hz in A and 100 
kHz in B. The dashed lines show the beam width of the ideal beam pattern  
p lo tted  against the length of the array, on logarithm ic scales, from  0.1m 
to  100m and, because of the inverse relationship betw een beam w idth and 
array length, this appears as a s tra igh t line w ith a slope of -1.
A 100m long array with half wave spacing a t 100kHz has about 13000 
elem ents, and it was obviously not feasible to  carry o u t the sim ulation 
m ethods of C hapter 3 with such large arrays. Thus, the beam width o f the 
average beam pattern  in the presence of phase and am plitude fluctuations 
was found using the analytic expression given by Equation (2.59):
( N - l^  (N -  n )co s(y n )
Z n = l
x exp[<S2>(Cg(nd) - 1) + <x2>(C^(nd) -
(6 .8 )
where e [ < Y 2> ]  is the expected ou tpu t from an N elem ent array a t 
bearing angle 0, d is the separation betw een elem ents and y  = kdsinG. Cs
and are the phase and log-am plitude spatial correlation functions
respectively, and the correlation functions used to  produce the sim ulation 
exam ples in Figures 6.4 -  6.5 have been used again here. Equation (6.8) 
was incorporated in a simple bisection search routine to  find the 
beam width of the average pattern  for phase and log-am plitude variances, 
<S2> and <x2> respectively, as used in these sim ulations, and the resu lts  
are p lo tted  as the solid lines in Figure 6.8. For comparison, the do tted  
lines show the width of the relevant plane wave spectra, from  the 
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Fig. 6.8 Beamwidth of ideal pattern (dashed line) plotted against array length 
compared with average pattern for param eters  of Table 5.4 with 
'typical' fluctuations (solid line) and width of the plane wave 
spectrum (dots) for 30kHz 1000m (A) and 100kHz 500m  (B).
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Fig. 6.9 Array beampatterns at 30kHz 1000m (solid lines) for arrays  of 50, 
100, 200, 500 and 1000 elements, with w orst ca se  fluctuations, 
compared with plane wave spectrum  (dashed line).
It can be seen that the degraded pattern beamwidths initially follow the 
ideal beamwidth, but as the array length increases they settle 
asymptotically to the width of the plane wave spectrum. This is shown 
again in Figure 6.9 where the average patterns at 30kHz for arrays of 50, 
100, 200, 500 and 1000 elements are plotted as solid lines, and the plane 
wave spectrum is plotted as the dashed line. As the array size increases 
the degraded beampatterns not only tend towards the width of the plane 
wave spectrum, but also converge towards the same shape.
The array length at which the beamwidth of the average degraded pattern 
begins to diverge from that of the ideal array is in the order of l-2m,
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and referring  to  the correlation functions shown in Figure 6.3 it will be 
seen th a t  th is is of the same order as the separation a t which the phase 
correla tion  begins to  fall significantly below unity. The asym ptotic value 
is reached by the time the array length  approaches the correlation scale 
of the  fluctuations.
From the  sim ulation resu lts  shown in Figures 6.4 -  6.7 it is clear th a t 
the main con tribu to r to  the beam pattern  degradation is the side to  side 
tran sla tio n  of the beam pattern, or the fluctuation  of the beam pointing
direction, and this phenomenon will now be discussed.
Beam Pointing D irection Fluctuations.
In order to  quantify the beam pointing direction fluctuations, the bearing 
of the main beam in each individual sim ulated pa tte rn  from each of the 
sim ulation sequences shown in Figures 6.6 and 6.7 was found, and some 
s ta tis tic s  com puted from the resulting data.
The probability distributions of the main beam pointing direction
com puted from these sim ulations are shown in Figures 6.10 and 6.11,
corresponding to  Figures 6.4 a t 30kHz and 6.5 a t 100kHz respectively. 
Again, exam ples A, B and C are for arrays of 50, 200 and 500 elem ents 
respectively. Superimposed on each distribution  is the Gaussian 
d istribution  having the same standard deviation. I t is immediately 
apparent, firstly , th a t the pointing direction distributions are essentially  
Gaussian and, secondly, th a t a t each frequency the three exam ples have
6. ACOUSTIC FLUCTUATIONS AND ARRAY DIRECTIVITY 206
about the sam e standard deviation: approxim ately 0.36° a t 30kHz and 
0.26° a t 100kHz.
A rough theoretical estim ate of the expected beam pointing direction 
variance may be made as follows: consider an array of length  La
com prising ju s t  two elem ents; th a t is an in terferom eter. I t is easily 
shown th a t a plane wave signal arriving a t a bearing angle a  will lead to  
a phase difference betw een the two elem ents, 0, given by
0 = kLa sina (6.8)
where k is the acoustic wavenumber. If it is assum ed th a t a  is sm all, so 
th a t sina — a, this may be rearranged to  give the apparent signal arrival 
direction as
a  si 0 / k L a (6.9)d
and thus the variance as
Now the variance of the phase difference betw een two points separated
by a d istance r is given in term s of the norm alised phase s truc tu re
function, D (r), (see eg. [18]) as s
< a2> 2: < 0 2> / k 2L | (6 .10)
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Fig. 6.10 Probability distributions of beam pointing direction for arrays of 50
(A), 200 (B) and 500 (C) elements computed from simulations
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Fig. 6.11 Probability distributions of beam pointing direction for arrays of 50
(A), 200 (B) and 500 (C) elements computed from simulations
shown in Figure 6.5 for 100kHz 500m
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and, where both  exist, the phase s tru c tu re  function is re la ted  to  the 
correlation function by the equation
This re su lt should be trea ted  with a little  caution; in a m ulti-e lem en t 
array the phase a t every elem ent should be considered. However, when the 
array length is less than the correlation scale of the fluctuations the phase 
can be expected to  vary more or less linearly betw een the array ends, and 
Equation (6.13) should still be valid. When the array is longer than the phase 
correlation scale, however, there will be fluctuations along the length of the 
array and the situation becomes more com plicated.
Nevertheless, Figure 6.12 shows beam pointing direction standard 
deviation, from  Equation (6.13) using the same phase correlation function 
and variance as used for the sim ulations shown in Figures 6.4 -  6.7, 
p lo tted  against array length as the solid line for 30kHz in A and 100kHz 
in B. The symbols show the standard deviations of the distributions 
shown in Figures 6.10 and 6.11.
D (r) = 2 Cl -  C (r)]  s s ( 6 .12)
Therefore, the variance of beam pointing direction is
(6.13)
It is seen th a t Equation (6.13) slightly underestim ates the pointing 
direction fluctuations obtained from  the sim ulations by a fac to r of about 
0.7, bu t the agreem ent is reasonable fo r a rough approxim ation. I t may
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Fig. 6.12 Theoretical standard deviation of beam pointing direction plotted 
against array length (solid lines) for ’typical' environment compared 
with values from simulations (symbols) at 30kHz 1000m (A) and 
100kHz 500m (B)
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also be seen th a t the predicted beam pointing standard  deviation is more 
or less constan t for array lengths less than the phase correlation scale. 
It falls o ff quite rapidly for larger arrays, but, as s ta ted  above, this 
simple prediction is no t valid for arrays longer than the phase correlation 
length. The value of the predicted standard  deviation is approxim ately 
0.26° a t 30kHz and 0.19° a t 100kHz.
Considering the resu lts  shown in Figure 6.12 in conjunction w ith the 
sim ulations of Figures 6.4 -  6.5, it would seem th a t for a given frequency 
and propagation distance the level of fluctuations in beam pointing 
direction essentially  constant. When the array is sm all, these fluctuations 
are sm all compared with the beamwidth, and have little  effect. As the 
array length increases, these fluctuations become more significant until, 
eventually, they dominate the average beam pattern  which becomes 
independent of any fu rther increase in array length.
It is likely th a t there is a relationship betw een the pointing direction 
standard deviation, or variance, and the beamwidth of the average 
beam pattern, bu t this is not apparent from the resu lts  discussed here. 
Nevertheless, a reasonable estim ate of the lim iting average beam pattern  
beamwidth m ight be obtained by multiplying the beam pointing standard 
deviation by some (frequency dependent) fac to r of order 5.
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THE RESOLUTION LIMIT
In conclusion of this chapter, the significance of these re su lts  fo r a 
sonar system  will be discussed. Much depends upon the signal processing 
employed, bu t two basic system s can be considered:
In the firs t case the displayed ta rg e ts  are derived from  an average of 
several transm itted  pulses. The effective angular reso lu tion  of such a 
system  will be exactly th a t of the average beam pattern.
In the second case there is no averaging of any sort. The displayed 
ta rge ts  are derived from a single transm itted  pulse, and for each pulse 
the angular resolution will be close to  th a t of the ideal system , so th a t 
two ta rge ts  separated in angle by more than the beam width will be 
displayed separately. With successive pulses, however, the ta rg e ts  will 
appear to  move about with the fluctuations in the beam pointing 
direction, and may well become confused. The net re su lt could be th a t 
the effective resolution is no b e tte r than th a t of the averaged 
beam pattern.
In addition, it m ust be remembered th a t ranges o f up to  about 1000m are 
being considered, with consequent two way propagation tim es on the 
order of seconds, and pulse repetition intervals m ust be of the  same 
order. If the ta rg e t (or the sonar platform ) is moving w ith any significant 
velocity, its  change of position between pulses could well be g rea ter than 
the ideal beamwidth, rendering any averaging pointless.
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N evertheless, the effective angular reso lu tion  of m ost sonar system s will 
essentially  be the beam width of the average beam pattern. This beam width 
has a minimum value, depending mainly on the  level of phase fluctuations 
and the correlation scale of those fluctuations, and once th is lim it is 
reached no fu rther gain in resolution is achieved by fu rther increasing the 
array size.
C h a p t e r  7  
D I S C U S S I O N  A N D  C O N C L U S I O N S
This thesis has presented  an overview of a research program m e aimed a t 
answering the question ’Is there an ultim ate lim it to  the resolution of a 
sonar transducer due to  sea w ater inhomogeneity?’ The problem  has been 
separated  in to  three major com ponents: the random sea w ater medium, 
acoustic propagation through this random medium and the e ffects  of the 
resu lting  phase and am plitude fluctuations on the perform ance of sonar 
arrays.
The project has progressed in a number of phases: an initial literatu re  
review, theoretical investigations and m athem atical modelling, sm all scale 
laboratory experim ents to  confirm propagation theories and environmental 
m easurem ents a t sea. The resu lts  of the experim ental work were then 
analysed, and compared w ith theoretical predictions. Finally, the findings 
of the various phases were combined to  produce estim ates of the 
degrading e ffec t of medium induced signal fluctuations on array 
beam patterns.
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The thesis has been arranged more or less in the order in which the 
work was carried out, although it  should be realised th a t many 
apparently independent areas are interrelated. The theory, fo r example, 
relies on the resu lts  of the experim ental work. Because of th is, much of 
the study has progressed in an iterative manner, and the description given 
in th is thesis is essentially  the final resu lt.
REVIEW OF THE PRESENT WORK
Before discussing the findings of this research, and a ttem pting  to  draw 
conclusions, the work carried out, as described in this thesis, may be 
summarised:
T heoretical S tudy
A thorough review of the literatu re  relevant to  these topics was carried 
out and a vast quantity of material was examined. It was found, however, 
th a t much of the earlier work was not directly relevant to  the p resen t 
research and th a t there is very little  experim ental backing for many of 
the theories. This was particularly true in the areas of array perform ance 
degradation and the sea w ater medium in shallow  continental shelf 
waters. Based on the findings o f this review, theoretical m odels were 
developed for the three major com ponents of the study.
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The medium has been m odelled by an empirical one-dim ensional refractive 
index wavenumber spectrum  originally form ulated by Medwin C8] from  
m easurem ents in the upper ocean. This idealised spectrum  is represented 
as a series of s tra ig h t lines on a log-log  plot, equivalent to  regions with 
d ifferen t power law spectra, the exponent of the power law depending 
upon the dom inant fluctuation mechanism a t the relevant scale size -  
turbulence, buoyancy forces, viscous dissipation and so on. Insufficient 
data measured a t relevant locations in the ocean were found in the 
lite ra tu re  to  say w hether this model was truly representative, and the 
experim ents a t sea carried out a t a la te r stage in the program m e were 
intended to  answ er this question and to  provide the data needed to 
enable the desired refinem ent of the model to  be achieved.
The ranges of validity of the various theories of wave propagation in 
random media were investigated and, although it was though t a t an early 
stage in the project th a t m ultiple scattering  would be significant, it  was 
found th a t Rytov’s m ethod [15-17] was applicable fo r all b u t the very 
w orst conditions within the term s of reference. Equations were developed 
for the variances and spatial correlation functions of bo th  phase and 
am plitude fluctuations fo r plane waves and spherical spreading. These 
equations are in the general form  of an integral transform  of the product 
of the refractive index spectrum  and a range and frequency dependent 
spectral filte r function. Because of th is filter function, amplitude 
fluctuations are affected m ostly by sm all scale inhom ogeneities in the 
medium, b u t phase fluctuations depend upon larger scale phenomena.
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To investigate the effects of fluctuations on array perform ance, equations 
were developed for the degraded beam pattern  of a uniform  line array in the 
presence of spatially correlated w avefront fluctuations. The expected average 
pa tte rn  was derived from the plane wave spectrum  of the fluctuating  
wavefield, and the variance of the pa tte rn  was based on earlier w ork by 
Berman and Berman [253. These equations were easily evaluated using a 
com puter, although the com putation of the variance was found to  become 
excessively tim e consuming fo r arrays of many elem ents. A lthough no
experim ents were conducted to  verify this theory, the re su lts  were in
agreem ent with a numerical simulation. The sim ulation technique was found 
to  have the advantages th a t less com puter time was required fo r large arrays 
than was needed to  evaluate the theoretical equations and th a t s ta tis tica l 
resu lts , such as the variation of the beam pointing direction, could be 
com puted fo r which no analytical expressions were available.
L aboratory  Experim ents
Although many experim ents are reported in the lite ra tu re  which support 
the am plitude fluctuation theory, there had been no previous experim ental
confirm ation of the theoretical phase predictions, and so a series of
sm all-scale laboratory experim ents were conducted to  provide this 
confirmation. An array of heating elem ents a t the bo ttom  of a tank  was 
used to  generate a therm al m icrostructure sim ilar to  th a t found in the 
ocean. Tonebursts, with frequencies betw een 50kHz and 200kHz, were 
transm itted  through this random medium and m easurem ents made of the 
variance and spatial correlation of both phase and am plitude fluctuations.
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Some time was spen t on setting  up the apparatus to  obtain a reasonable 
therm al struc tu re , bu t once this had been achieved, it  was found th a t the 
spatial correlation function of the tem perature fluctuations was in good 
agreem ent w ith the predictions of the wavenumber spectrum  model 
suitably modified to  su it the environment in the tank.
For the conditions in the tank, the variances predicted by the plane wave 
propagation theory and the spherical wave theory are similar, and both  
were in good agreem ent w ith the m easurem ents. Spherical spreading 
theory, however, gave a b e tte r estim ate of the correlation functions, 
largely because of the sho rt propagation distances involved.
Experim ents a t S ea
Because this research was in terested  in shallow  continental shelf w aters 
and fine scale fluctuation phenomena, a series of experim ents a t sea were 
conducted to  obtain m easurem ents w ith the required fine spatial 
resolution and from  suitable continental shelf locations.
Environmental surveys, comprising vertical profiles of tem perature, 
salinity, sound speed and curren t velocity, and horizontal profiles of 
tem perature, salinity and sound speed were conducted in three cruises 
during the summer of 1986. The locations, all on the continental shelf, 
were the area south  east of Portland, the Firth of Clyde and some 
adjacent lochs and the general area of the Channel Islands and Hurd 
Deep. The data were collected using an environm ental m easurem ent
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system  consisting principally of a vertical profiling underw ater unit, a 
horizontal profiling towed fish, a deck unit supplying power to  the
underw ater units and an on-board com puter used to  sto re  and 
subsequently display the data.
Surveys generally consisted of a series o f 5 vertical profiles a t 125m 
intervals along a stra igh t line, followed by about 4 horizontal profiles 
along the same line a t depths where the vertical profiles showed a high 
fluctuation  level. The Portland cruise was essentially  an equipm ent
handling trial, bu t one com plete and a num ber of partial surveys were 
com pleted. A to ta l of 19 sites were surveyed in the Clyde cruise, 14 on 
the shipping channels between the Cumbraes and Greenock, 3 in the 
m outh of Loch Long and 2 in Gareloch. In the Channel Island cruise 5 
com plete surveys were made and 34 horizontal profiles were recorded 
w ithout associated vertical profiles.
The profiles taken a t different locations showed considerable variety b u t 
typically vertical tem perature profiles showed a surface layer betw een 5m 
and 20m deep th a t was betw een 0.5°C and 5°C warm er than the 
remainder of the w ater column, which tended to  be of more or less
constan t tem perature down to the bottom . Varying levels of fine
structu re  were superimposed on these profiles. H orizontal profiles 
generally showed variations of up to  1°C peak to  peak on scales up to  
about 100m, although some showed sm aller fine scale fluctuations only. 
The spectra  com puted from these profiles were generally sim ilar in form  
and supported the concept of a spectral model consisting of a series of
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power law ranges. Nearly all spectra showed a buoyancy range w ith a -3 
power law and an inertial range with a -5 /3  power law.
D ata Analysis
In the ligh t of the experim ental resu lts  a number of m odifications were 
made to  the original model of the medium based on Medwin’s spectrum  
[8]. The m ost im portant change was the introduction of the buoyancy 
range and the adoption of a source range th a t rises linearly from  zero a t 
zero wavenumber. In addition, changes were made to  numerical constan ts 
in the equations defining the upper lim it to  the source range and the 
upper lim it of the buoyancy range. Such changes were justified  firstly  on 
the grounds th a t Medwin’s original model was developed to  fit data 
obtained from the upper few hundred m etres in the open ocean, whereas 
in the shallow er w aters considered in the p resen t study the proxim ity of 
the bottom  is likely to influence the fluctuation spectrum . Secondly, the 
original model assum ed non-stra tified  w ater and neglected effects due to  
density gradients. Thirdly, Medwin’s model assum ed th a t the  tem perature 
spectrum  was a direct copy of the curren t velocity spectrum , b u t the 
work of Batchelor [9], for example, dem onstrates th a t th is is no t so. 
Following these changes, good agreem ent was obtained betw een the 
model and the re su lts  o f the m easurem ents made a t sea.
The new spectral model was then used, w ith typical param eters derived 
from  the measured data, to  predict acoustic fluctuations a t a num ber of 
frequencies over the range of in terest. It was found th a t phase
7. DISCUSSION AND CONCLUSIONS 2 2 1
fluctuations were very large a t a t maximum propagation distances, w ith 
rm s values in tens of radians, while am plitude fluctuations were much 
sm aller, although n o t insignificant. Phase correlation functions were 
sim ilar in form to  the refractive index correlation function, while those 
for am plitude were som ewhat narrower.
A rray P erfo rm an ce  D egradation
Array beam pattern sim ulations were carried ou t a t a num ber of 
frequencies and propagation distances, using the acoustic fluctuation  
predictions. The resu lts  showed th a t beam patterns are no t significantly 
degraded if fluctuation levels are low or if the length of the array is 
much less than the correlation scale of the fluctuations. For larger 
fluctuations, and as the array length approaches the fluctuation  
correlation scale, however, the average beam pattern  begins to  broaden, 
and asym ptotically converges to  the shape o f the plane wave spectrum . 
Eventually, the beamwidth reaches a constan t value and no fu rth er 
improvement in directivity is achieved by increasing the size of the array.
The limiting beamwidths, derived from  the plane wave spectrum , fo r the 
’typical* environment over a range of frequencies and propagation 
distances are listed  in Table 7.1. It is immediately obvious th a t although 
the limiting beamwidth increases with range (approximately as the square 
ro o t of range), there is no significant change w ith frequency. This is 
entirely in keeping with the suggestion th a t the plane wave spectrum  is a 
function of the medium -  not the signal being propagated.
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Table 7.1
Beamwidth Limits fo r  th e  Typical' Environm ent




30kHz 100kHz 300kHz 1MHz
10 0.061 0.061 0 .063 0 .063
20 0.074 0 .088 0 .089 0 .089
50 0.133 0.140 0.141 0.141
100 0.194 0.199 0.199 0.199
200 0.279 0 .282 0 .282
500 0 .444 0 .445
1000 0 .630
DISCUSSION
The discussion which follows will concentrate mainly on the description 
of the medium and the array directivity investigations. Acoustic 
propagation predictions were based on well established theory (subject to  
minor modifications) with experim ental backing, bo th  from  previously 
published resu lts  and the presen t work. One comment, however, should 
be made.
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A coustic  P ropagation
The differences betw een fluctuation  predictions for plane waves and 
spherical spreading have been ra th e r glossed over. This is firstly  because 
the differences are small, bu t secondly because neither approxim ation is 
absolutely 'right', which is the ’more righ t’ will depend upon many factors 
-  the nature of the sound source, the w ater depth and o ther boundary 
conditions, and so on -  and these are fac to rs which have been excluded 
from  the term s of reference as they cannot be accounted fo r in a 
generalised model.
More sophisticated (and therefore more complex and tim e consuming) 
m ethods for predicting acoustic fluctuations exist, and perhaps these 
should be considered if it  is required to  apply the findings of the p resen t 
work to  a particular case.
Meanwhile (and remembering th a t the final re su lts  of this work have no t 
been tested  experimentally), it seems reasonable to  use spherical 
spreading for 'sho rt' propagation distances and plane waves fo r 'long' 
distances, 'sho rt' and 'long' distances being determ ined from  Equation 
(2.25) which gives the minimum range for the plane wave approxim ation 
to  be valid.
7. DISCUSSION AND CONCLUSIONS 224
The Medium
It is pleasing th a t the spectral model of the medium has been found to  
agree well w ith tem perature spectra  estim ated  from  the m easured 
horizontal profiles, and th a t correlation functions derived from  the 
theoretical spectra  agree with those com puted from  the m easurem ents 
even when the param eters used to  co n stru ct the model d iffer slightly 
from  those of the m easurem ent (Figure 6.1). Nevertheless, the model has 
lim itations, and a number of points should be made.
Firstly, knowing the complexity of the ocean medium and the differences 
to  be found with changes o f position and season, the model can only be 
claimed to  be valid for the particular locations and a t the particu lar time 
th a t the experim ents were conducted. It is tem pting to  suggest th a t the 
model m ight be valid a t o ther localities on the continental shelf. On the 
o ther hand, i t  is known th a t vertical profiles from  the Clyde Estuary in 
the w inter m onths [58] bear little  relationship to  those m easured in the 
p resen t research, so extrapolation of the model to  o ther tim es of year 
would need careful consideration.
Another problem, and one which probably has no solution, is the 
vagueness of the description of the source range. These large scale 
variations, as the term  ’source range’ is m eant to  indicate, are the 
m anifestations of the random 'events’ supplying energy to  fluctuations 
throughout the spectrum , and depend upon the tide and the w eather, the 
topography and o ther facto rs which may be predictable on a very local 
scale, b u t probably cannot be included in a general model. This does not
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m atter greatly  if only am plitude fluctuations are of in terest, b u t for 
phase fluctuations it m ust be accepted as a source of uncertainty a t the 
high wavenumber end of the source range, where scale sizes may be less 
than the propagation distance.
Perhaps o f more im portance is the fact th a t the vertical s tru c tu re  o f the 
medium has been largely neglected, mainly due to  lim itations of tim e and 
resources. This vertical s tru c tu re  leads to  two com plications: firstly  the 
vertical scale o f the refractive index fluctuations will be d ifferen t from  the 
horizontal scale, and secondly, because of the changes in s tru c tu re  w ith 
depth, a signal propagating in any direction bu t horizontal will su ffe r a 
variety of inhomogeneity streng ths and scale sizes along its  path.
The problem  is no t serious from  the point of view of predicting acoustic 
fluctuations -  the correlation functions described in C hapter 2 can be 
form ulated in term s of a three dimensional refractive index spectrum , and 
the problem  of a medium th a t changes along the propagation path  has
been addressed previously (eg [35]) -  and sufficient data are available
from the m easurem ents made a t sea to  determ ine the characteristics of 
the vertical structure . This topic, therefore, should be high on the lis t of 
’suggestions for fu rther work'.
The resu lt of such an investigation is unlikely to  a ffect the general 
conclusion th a t the resolution lim it of an array is reached when the 
length of the array approaches the correlation scale of the signal 
fluctuations, bu t the physical size th a t th is represents may w ell be
changed. However, if this fluctuation  scale size becomes sm aller than the
7. DISCUSSION AND CONCLUSIONS 226
array sizes of in terest, then the effects on beam patterns will alter, as 
dem onstrated  in the examples given in C hapter 3.
A nother point to  rem em ber in th is con tex t is th a t the acoustic 
fluctuation  predictions and the resulting array beam pattern  degradation 
were based on near surface environm ental param eters, where the 
refractive index fluctuations are w orst. Propagation entirely in the quieter 
lower p a rt of the w ater column or partly  in the therm ocline and partly 
below, from  surface to  bo ttom  say, will of course re su lt in a low er level 
of acoustic fluctuations.
A rray Resolution P redictions
The two points to  be made on the array perform ance work are th a t the 
resu lts  have no experim ental verification, and th a t there should, perhaps, 
have been 'more of the same'.
Ideally, the resu lts  of any theoretical investigation require experim ental 
confirmation. However, because of the good agreem ent betw een the 
predictions of the analytic form ulae for degraded beam patterns and the 
resu lts  o f the sim ulations, a high degree of confidence in these resu lts  is 
justified.
The existence of a lim it to  the resolution of a transducer array has been 
dem onstrated, and this lim it has been quantified for a sm all number of 
cases; the range of frequencies and propagation distances fo r which
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sim ulations or beamwidth lim itation calculations have been carried ou t 
are sum m arised in Table 7.1, and these were ju s t for the ’typical’ or 
’w orst case’ se ts  of environmental param eters (the only difference 
betw een these being the refractive index variance).
I t  was noted in Chapter 6 that, although the range of values found for 
many of the environmental param eters is sm all, some, particu larly  the 
fluctuation  scale size, can vary by an order of m agnitude or more. It 
would therefore be desirable in any fu tu re  work on th is topic to  extend 
the range of param eters considered, w ith the hope th a t simple 
relationships m ight be found betw een the limiting beam width and fac to rs 
such as frequency, propagation range and refractive index scale size and 
variance.
Final Com m ent
A final com m ent is necessary. Apart from the many lim itations discussed 
above, it should be remembered th a t this study has only been in terested  
in fluctuation  phenomena occurring within the volume of the medium. 
The boundaries have been neglected, and so interaction w ith the sea bed, 
reflections from  the surface and m ultipath interference effects  have no t 
been considered. It may well be th a t these o ther e ffects  are more 
significant than the phenomena described here, or else they may be 
additive, giving a combined resu lt th a t is worse than either. This is an 
issue th a t should be investigated before any decisions are made based on 
the findings of the p resen t research.
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SUGGESTIONS FOR FUTURE WORK
A num ber of suggestions fo r fu rther work have been made, o r hinted at,
in the  preceeding discussion, and these may be sum m arised as follows:
1) Environmental m easurem ents should be made a t sea to  extend 
the range of geographical locations and tim es of year for 
which environm ental param eters and fluctuation  records are 
available. The environmental model should be checked against 
these new data, and modified if necessary.
2) The environmental model should be extended to  three 
dimensions to  account for anisotropy and variations w ith depth 
in the refractive index structu re . This may require 
reform ulation in term s of s truc tu re  functions (see C hapter 6 
Equations (6.12) and (6.13)).
3) Propagation modelling should be repeated using form s of the 
acoustic fluctuation correlation functions from  C hapter 2 th a t 
use a three dimensional refractive index description.
4) Beam pattern sim ulations and limiting beam width calculations 
should be carried ou t for a wider range of environmental 
param eters, and relationships sought betw een the pane wave 
spectrum , which determ ines the limiting beamwidth, and 
acoustic and environm ental factors.
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5) An effo rt should be made to  simplify the expression for the 
variance of the degraded beam pattern  (Equation (2.62)), 
allowing more efficient com putation. This would probably be 
based on the plane wave spectrum  approach used fo r the 
average pattern .
6) An experim ent should be designed and carried ou t to  verify the 
beam pattern degradation predictions.
7) The relative im portance of the fluctuations considered in the 
presen t work and o ther related  phenomena, such as m ultipath  
interference, should be investigated.
SUMMARY OF CONCLUSIONS
The general conclusions may now be sum m arised as follows:
1) Shallow continental shelf w ater are complex and variable. 
Profiles can change within hours and over distances of a few 
hundred m etres. Profiles m easured a t d ifferent tim es of year 
can be com pletely different.
2) Typically, vertical profiles had a w ind/wave mixed surface layer 
above a therm ocline. The w ater column below the therm ocline 
was generally isotherm al, and its  tem perature could d iffer by 
up to  10°C from  the surface layer.
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3) H orizontal profiles showed tem perature fluctuations of the 
order of 0.1°C -  much greater than generally found in the  open 
ocean.
4) Tem perature and refractive index fluctuations were successfully  
modelled by a one dimensional wavenumber spectrum  in the 
form of a sequence o f power law ranges. The boundaries 
betw een these ranges could be estim ated from  vertical profile 
data alone.
5) Because of the short propagation ranges of in terest, m ultiple 
scattering was no t expected to  be significant, and acoustic 
propagation was modelled using a single scattering  theory 
(Rytov’s method).
6) For propagation through the surface layer and therm ocline, 
predicted phase fluctuation levels were high, w ith rm s values 
of tens of degrees. Expected am plitude fluctuations were less, 
bu t no t insignificant. The mean correlation scale of the  phase 
fluctuations was about the same as th a t o f the refractive index 
-  about 20m for the ’typical’ case -  while the am plitude 
correlation scale was slightly less.
7) Equations are available to  predict the e ffect of fluc tuations on 
array beam patterns, b u t it was found th a t M onte Carlo 
sim ulations can give the same re su lts  more efficiently fo r large 
arrays.
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8) No significant degradation of beam patterns was found fo r low 
fluctuation  levels or fo r arrays much sm aller than the 
correlation scale of the fluctuations -  less than about lm in 
the ’typical’ case.
9) It was found th a t for higher fluctuation levels, as the array 
length  was increased the average beam pattern  began to  broaden 
relative to  the ideal pattern , due mainly to  wandering of the 
beam pointing direction.
10) Beyond a certain lim it the average beam width converged to  the 
width of the plane wave spectrum , and no im provem ent in 
resolution or directivity was gained by increasing the array size 
beyond this limit. The limiting beam widths fo r the cases 
investigated are listed  in Table 7.1.
11) This beamwidth lim it is inherent in the fluctuating  wavefield 
(the width of the plane wave spectrum  is equivalent to  
bandwidth in the frequency domain), and is determ ined by the 
medium. It represen ts the u ltim ate limit. It is no t possible for 
any receiver to  resolve angular separations less than this limit.
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L IST  O F S Y M B O L S
As is usual in a work of this nature, an a ttem p t has been made to  use 
an unambiguous se t of symbols th a t is consisten t with usage in the 
literatu re . This has no t been entirely successful, firstly  because of the 
finite length  o f the Roman and Greek alphabets and, secondly, because 
the lite ra tu re  is not consistent; symbols have d ifferent meanings from 
au thor to  au thor and even in d ifferent papers by the same author. 
However, where particular symbols have a fam iliar application this has 
been adhered to, and where, occasionally, a symbol has been used twice, 
it is hoped th a t the meaning is clear from  the context.
A Amplitude of sound field. In CHAPTER 4: Open 
area of heater grid in laboratory experim ents.
Aq Mean amplitude of sound field,
a Scale size of tem perature or refractive index
inhomogeneities.
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C Positive constan t used in Equation (2.3).
C(r), C(L,r) General spatial correlation function.
Cp Specific heat (of w ater).
C (x) Fresnel integral.
C (r), C (L,r) Spatial correlation function of phase fluctuations.& kS
C^(r) Spatial correlation function of refractive index
fluctuations.
C^(r), C^(L,r) Spatial correlation function of log-am plitude
fluctuations.
C (r), C (r) Cross correlation betw een log-am plitudeXs* s x
fluctuations a t origin and phase fluctuations a t 
distance r, and vice versa, 
c Local value of sound speed. In CHAPTER 2:
C O S 0 .
Cj Magnitude of cos0 when Isin0l > 1.
cQ Mean value of sound speed.
D Thermal diffusion coefficient (of water).
D (r) Phase structu re  function. D (r) = 2C1 -  C (r) ].
d Distance between elem ents o f uniformly spaced
array. In APPENDIX F: W idth of heating strip. 
E(x) Statistical expectation -  average value of x.
£(L,r), F(t),ic), ^ ( tj.ic) General functions.
F(s) A plane wave spectrum .
f Time frequency. In APPENDIX F: Swaying
frequency of rising plum e of heated w ater. 
f ( t)  Plane wave spectral filte r function.
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f ( i c )  Plane wave spectral filte r function for phase&
fluctuations.
f^(ic) Plane wave spectral f il te r  function for
log-am plitude fluctuations, 
f  (ic) Plane wave spectral f ilte r function fo r cross
correlation between log-am plitude and phase. 
G (r,r’) Green’s function.
£}(ic,r) A general function.
G Grashof number,r
g Acceleration due to  gravity.
g(jc) Spherical spreading spectral f il te r  function,
g (ic) Spherical spreading spectral filte r  function for
phase.
g^(ic) Spherical spreading spectral f ilte r function for
log-am plitude.
H Heater power input in laboratory experim ents,
h W ater depth. In CHAPTER 4: Depth o f w ater
above heater grid in laboratory experim ents, 
i Symbol fo r
J Q(x) Zero order Bessel function.
K C onstant used in Equation (2.5).
k Acoustic wavenumber. k = 2tc/X.
L Propagation range. In APPENDIX B: The length
dimension. In APPENDIX F: Length of heat 
source.
L Length o f array.
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L Distance from observation poin t to  mthm
boundary of the medium.
L Minimum range a t which a plane wave
approximation to a spherical w avefront is valid.
Si Representative length, spatial separation or
scale size. In CHAPTER 4: Length of tank in 
experiments.
M A number, usually num ber of m embers of an
ensemble. In CHAPTER 4: Mass of w ater in 
tank in laboratory experim ents.
m C haracteristic mass of tu rb u len t eddy.
N Brunt Vaisala frequency OR a number, usually
number of elem ents in an array.
n Refractive index, n = c /c^ .o
P^ Random number from a uniform distribution.
Pf Prandtl number.
Q H eater power input per unit length.
Rej 7 Local Reynolds number associated w ith a
tu rbu len t eddy.
R^ Random number from a uniform distribution.
r  Spatial position or separation.
S Phase of sound field.
Sp Fresnel integral.
s sinO
T Temperature. In APPENDIX B: The time
dimension.
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Tq Ambient tem perature.
Tp Final tem perature of w ater in heated tank.
T(r) Array sensitivity distribution,
t  Time.
U Heat loss coefficient.
u Magnitude of horizontal com ponent of current
velocity. In APPENDIX B: Variable used in
integration by substitu tion. 
u(r) Complex am plitude of sound field a t position r .
uQ(r) Complex am plitude of unperturbed sound field
in absence of fluctuations, 
u ^ r )  First iteration solution o f s tochastic  wave
equation using perturbation technique (Born 
approxim ation).
V Coefficient of variation.
V(x) Variance of x.
v C haracteristic velocity of tu rb u len t eddy.
W(s) Convolution of array directivity d istribution  and
plane wave spectrum , 
w Width of tank in experiments,
w^ Discrete weighting variable used in generation
of phase and am plitude sequences for 
beam pattern sim ulations.
Y(0) Beampattern -  array or beam form er o u tp u t for
signals arriving from bearing angle 0. 
z Depth below w ater surface.
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a  Angle between apparent arrival d irection of
signal and array normal. In APPENDIX B: a 
constant.
3 Dimensionless constan t used in Equation (2.1).
In APPENDIX F: Coefficient o f therm al
expansion.
Hr) M utual coherence function of fluctuating
wavefield.
Y Phase difference between signals a t adjacent
array elem ents, y = kdsinQ.
AX Spatial sampling interval.
Ax Small change in the  quantity x.
8(x) The impulse function.
s Rate of dissipation of kinetic energy per unit
volume.
£^(ic) Wavenumber dependent ra te  of energy transfer.
£ Variable used in Equation (2.45).
tj An integration variable.
9  The tem perature dimension.
0 Signal bearing -  angle between arrival direction
and array normal. In APPENDIX F: Thermal 
conductivity of water. 
k: Wavenumber. k = 2k /J .
W avenumber defining upper lim it of buoyancy 
range in tem peratu re/refractive  index 
fluctuation spectrum .
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® T ( K ) f ® T l M ,
ic  C ut-o ff wavenumber of spectra l f ilte r
functions, = -Jnk/L
y: W avenumber defining upper lim it of sourcem
range in tem perature/refractive  index
fluctuation spectrum .
W avenumber defining upper lim it of inertial
range in tem peratu re/refractive  index
fluctuation spectrum . 
ict  W avenumber defining lower lim it of inertial
range in tem perature fluctuation  spectrum  
applied to  laboratory experim ents.
X Wavelength.
p Local deviation of refractive index from  unity,
v Kinematic viscosity (of w ater). In CHAPTER 2: 
Spatial frequency, v = ksinG.
£ Total ra te  o f dissipation of tem perature  variance,
p Density (of water).
Circular form  of running average.
00 Standard deviation of fluctuating quantity  0 .
x Propagation time.
®m Variable used in equations for tem perature  and 
refractive index spectra.
T B I ^  ^ ne dimensional wavenumber spectrum  of 
tem perature fluctuations and, specifically, the 
inertial and combined buoyancy-inertial range 
spectra.
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®v b i^ )  One dimensional wavenumber spectrum  of
velocity fluctuations in the inertial and
combined buoyancy-inertial ranges.
®^(ic) One dimensional wavenumber spectrum  of
refractive index fluctuations.
<t> General fluctuating quantity. In CHAPTER 6:
phase difference between two elem ents of
interferom eter.
X Logarithm of am plitude of sound field.
Y^(ic) Three dimensional wavenumber spectrum  of
refractive index fluctuations.
Logarithm of complex sound field. <1> = x  + IS
i|j(h/X) A function used in Equation (F.3).
{...} A set, the elem ents of which are listed  within
the braces.
{xn> The sequence x , x2, x3, x4>...
{x ) D iscrete Fourier transform  (usually FFT) of {x }. n n
<x> Strictly  the ensem ble average o f all series 
represented by x. In practice o ften  the average 
of a single (spatial or temporal) series.
Ixl Magnitude of x.
x Bold typeface denotes a vector quantity.
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D E S C R IP T IV E  S T A T I S T I C S
In th is Appendix a very brief discussion of the various descriptive 
s ta tis tica l quantities found in the tex t is given. The general purpose of 
these s ta tistica l quantities is to  represent fluctuating param eters which 
are not amenable to determ inistic descriptions, and m ust be regarded as 
random  processes. Because many of the term s are used ra th e r loosely in 
the relevant litera ture , the param eters of in te rest will be defined, as used 
in th is work, before discussing correlation functions, spectra  and their 
relationships.
ACOUSTIC FLUCTUATIONS
The acoustic quantities of in te re s t are the variance and spatial correlation 
of phase and amplitude fluctuations. A sligh t confusion arises because 
d ifferent authors have represented the level of am plitude fluc tuations in 
d ifferent ways: the coefficient of variation and log-am plitude. These are 
defined as follows:
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Suppressing the time dependence, the acoustic field may a t position r  be 
expressed in the form
u(r) = A exp(iS) (B.l)
where A and S are the am plitude and phase of the wave respectively.
The coefficient of variation, V, is the rm s value of the deviation of the 
signal am plitude from its  mean value, relative to  th a t mean value, given 
by
V = < [(A  -  < A »  /  <A >]2 >1/2 (B.2)
where the angle b rackets denote an ensemble average.
The acoustic field, Equation (B.l), may be re -w ritten  as
u(r) = AQexp(x + iS) (B.3)
where AQ = <A> and x  = JM A /<A ». x Is known as the log-am plitude, 
and its  variance is
<x > = < [ J M A /< A » ]2 > (B.4)
It is noted that, provided the fluctuations are sm all
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<x2> ~ V2 (B.S)
A nother im portant point is th a t all fluctuations are referred to  the mean 
value, and this also  applies to  refractive index, as discussed below, so 
the term s variance and mean-square value are equivalent, as are standard  
deviation and rm s, and correlation and covariance.
Rytov's method for computing propagation in a random medium gives 
re su lts  in term s of log-am plitude, and so th a t is the  form  used in the 
p resen t work.
Refractive index is, by definition, the ratio  of the sound speed a t the 
point in question to  the value th a t represents the medium as a whole, 
and is given by
where cQ = <c> is the mean sound speed. The sound speed may be 
expressed as
REFRACTIVE INDEX
n = c / c o (B.6)
c = c + Ac o (B.7)
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where Ac is the deviation from the mean value, and the refractive index 
then becomes
n = 1 + A c /c 0 (B.8)
or
n = 1 + [i (B.9)
where p is the refractive index variation about unity, w ith zero mean and
variance <p2>. p is the quantity used to  specify the refractive index
fluctuations in the propagation theory.
If AT is the deviation of tem perature from  its  mean value then, from  the 
definition of p
p = A T (d c /d T ) / c (B.10)
and
<li2> = <AT2> (d c /d T )2 / c 2 (B.ll)
It has been assumed in this work th a t refractive index fluc tuations due 
to  tem perature fluctuations are the m ost significant con tribu to r to  sound 
scattering, bu t acoustic propagation is also influenced by density, salinity 
and curren t velocity variations. Batchelor [9] has shown th a t the relative
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change in density due to  change in tem perature is an order of magnitude 
less than the change in refractive index. C hotiros and Smith [34] have 
dem onstrated  th a t the effect of w ater motion is much less than th a t of 
sound speed variations and, finally, although the  change in sound speed 
due to  salinity variation is of the same order as th a t due to  tem perature 
variation, the level of fine scale salinity fluc tuations found in the ocean 
is generally much sm aller than the level o f tem perature  fluctuations (see 
C hapter 5 fo r example).
CORRELATION FUNCTIONS AND SPECTRA
C orrelation functions and spectra will be discussed in term s of refractive 
index fluctuations, bu t what follows is equally applicable to  tem perature 
and acoustic fluctuations. It is assumed th a t p(r) is a random function of 
the spatial coordinates r  = (x,y,z). The correlation function is defined as
and the covariance function as
(B.12)
Cov (r^.r^ + r) = < [ p ( r 1) -  < p ( r l ) > ]  [ ^ ( ^  + r)  -  < p ( r 1 + r ) > ] >  (B.13)
As s ta ted  above, if <p> = 0 then C^ and Cov^ are equal. Note th a t a t
a
r  = 0 ,  C^ is equal to <p >, the mean square value of p, and it is common 
practice to  normalise the correlation function by dividing by <p >, making
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its  value unity a t the origin. Hopefully, it is obvious from  the con tex t 
when th is has been done. If the medium is assum ed to  be homogeneous,
A power spectrum  may be defined as the three dimensional Fourier
where d r = dxdydz, and t  is the three dimensional wavenumber vector. 
The meaning of term s like 'power' and 'energy' in connection w ith 
fluctuating param eters such as refractive index is discussed briefly in 
Appendix C.
If the medium is both  homogeneous and isotropic, the  correlation 
function m easured along one line, C^(r), contains all the inform ation of 
the three dimensional correlation. Even if the medium is no t isotropic, it  
is s till often  useful to  define a one dimensional correlation function in a 
specified direction (eg horizontally in the case of refractive index or 
transverse to  the direction of propagation in the case of acoustic 
fluctuations). In these cases it is convenient to  define a spectrum  ^ ( k) 
as the one dimensional Fourier transform  of C^(r):
then the correlation and covariance functions do not depend upon the 
value o f rl? and C^ r^ , + r) = C^ (r).
transfo rm  of C^(r):
(B.14)
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© ( k ) = JL  f  C (r) exp (-iic r)d r 
I1 2 k  J - o o  I1
n  CO
C (r) = I © (ic)exp(iicr)dic 
* J —oo ^
(B.15)
and ^ ( k) is re la ted  to  the three dimensional spectrum  by [83
O U )  = 4inc2 Y (ic) (B.16)
Finally, the  correlation scale size, a, is form ally defined by the equation
a = f  C (r)d r (B.17)
Jo I1
This rep resen ts the ’mean’ size of the fluctuations, and is often 
approxim ated by the separation, r, a t which the value of the normalised 
correlation function falls to  e-1. Clearly, the approxim ation is exact if 
the correlation  function is represented by an exponential function, 
exp (-r/a), as is common.
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DE R IV A T IO N  OF W A V E N U M B E R  
S P E C T R U M  P O W E R  L A W S
When the tem perature of a fluid in tu rb u len t m otion is no t uniform 
(although with such small variations th a t the corresponding buoyancy 
forces are negligible), the tem perature field is made random by the 
irregular movements of the fluid and acquires s ta tis tica l properties which 
are directly re la ted  to  those of the tu rbu len t m otion. In this Appendix 
the spectrum  of the tem perature fluctuations and its  relationship to  the 
spectrum  of the fluid velocity fluctuations are discussed for two 
wavenumber ranges, the inertial range and the buoyancy range, which are 
defined in C hapter 2.
It is assum ed th a t both  these ranges fall into the 'in term ediate’ range of 
wavenumbers for the fluid velocity: th a t is the range fo r which the 
incoming and outgoing kinetic energies are equal. Kinetic energy is fed 
into the fluid m otion a t wavenumbers less than th is range and is 
dissipated to  heat by work against viscosity a t wavenumbers higher than 
this range. Thus, it is assumed th a t the s ta tis tic s  of the fluid motion
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may be determ ined from  the to ta l viscous dissipation in the velocity field 
only, and nothing need be known about the energy source.
There are ju s t two properties of the quantity tem perature which are 
relevant to  the processes considered. One is the invariance of the 
tem perature of a fluid elem ent in the absence of m olecular conduction; 
the o ther is th a t the tem perature is subject to  a m olecular conduction 
characterised by a diffusivity D. In these respects, tem perature  is no 
d ifferen t from  many o ther physical quantities, such as the salinity of sea 
w ater or the w ater vapour content of air, and so the re su lts  given here 
will apply to  all such passive contam inants, a lthough the numerical 
value o f D will be d ifferent in each case.
THE INERTIAL RANGE
The inertial range of the fluid velocity spectrum  describes isotropic 
homogeneous turbulence, and its  form can be determ ined from  energy 
considerations [9,34,481:
Consider an eddy of mass m, characteristic length A and mean velocity v. 
Its kinetic energy m ust be of the order mv /A. The ra te  of energy loss
O ry
due to  viscous forces is of the order mvv /A  , where v is the  kinematic 
viscosity. For the tu rbu len t eddy to  exist and maintain its  m otion the 
ra te  of energy input m ust equal or exceed the  ra te  of energy loss, 
therefore
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m v 3 / i i v ( C . l )
m v v 2 / J 2 v
^ e i  *s t i^e *oca* Reyno^ s  number associated with the eddy. In the inertial 
range, it is assum ed th a t »  1, and the energy lo s t to  viscosity is 
negligible com pared with the ra te  of kinetic energy input. The excess 
energy is d issipated through inertial interaction w ith the surrounding 
fluid, which generates new sm aller eddies, and a s ta te  of energy 
equilibrium is maintained. There is however a minimum value of J0, below 
which is less  than unity, and kinetic energy is a lm ost to tally
dissipated through viscous forces. This determ ines the sm all scale lim it 
of the inertial range.
This model a ttem p ts  to  describe turbulence as a process whereby kinetic 
energy is transferred  down a chain of eddies of decreasing sizes, and is 
dissipated as heat through the sm allest eddies. It fo llow s th a t the  ra te  
of energy input per unit m ass of an eddy is approxim ately v3/J? = e , 
where s is the ra te  of kinetic energy dissipation per unit m ass a t the  end 
of the chain. This can be rew ritten
Small increm ents in velocity, Av, may be associated w ith sm all increm ents 
in size, AjP, thus
(C.2)
Av2 = A(sJ)2 /3  = e2/3  jT1/3 AS (C.3)
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and as wavenumber < is inversely proportional to  length J?
Av2 oc e (C.4)
The velocity spectrum  is thus w ritten
O v i ( k )  = OLE
2 /3  - 5 /3c (C.5)
where a  is a constant. This is the Kolmogorov five th irds power law [6] 
which describes isotropic homogeneous turbulence.
The concept th a t the energy flow  ra te  through the inertial range of the 
velocity spectrum  is simply equal to  the to ta l ra te  of viscous dissipation 
may be expressed as
It m ight be postu la ted  [6] th a t this concept of ’energy' cascading from 
low to  high wavenumbers is also applicable to  tem perature fluctuations 
in the inertial range. All of the fluctuation ’energy’ entering the range 
passes through its lower bound from  low wavenumbers, and it all goes 
on to  the higher wavenumbers above the range, where it is 'dissipated ' by 
m olecular effects. Of course, as we are considering tem perature 
fluctuations, the mean square of the physical variable tem perature, <T2>, 
does not represen t energy in the sense th a t <v2> does, and the m olecular 
action (smoothing of fluctuations by therm al conductivity) is no t literally  
dissipation. However, a relationship equivalent to  Equation (C.6) may be
(C.6)
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w ritten  fo r tem perature:
X\ = f ( 2 4 J t ) d t  (C.7)
? c p J o  TI
where £ is the to ta l ra te  of dissipation of tem perature variance, X is 
therm al conductivity, p is mean density, is specific heat a t constan t 
pressure and ®TI^ )  is the tem perature fluctuation wavenumber spectrum .
It may fu rther be postu lated  th a t the inertial range tem perature spectrum  
depends only upon
(a) The to ta l ra te  of 'dissipation' of tem perature  fluctuations 
(Equation (C.7)).
(b) The to ta l rate  of dissipation of kinetic energy (Equation (C.6)), and 
hence upon the velocity spectrum .
The spectrum  m ust therefore be of the form
0 TI( c )  = P £p eq icr  (C.8)
where p is a constant. The dimensions of the relevant quantities are
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where L is length, 9  is tem perature and T is time. 0 is dim ensionless. 
W riting Equation (C.8) as an equality of the dimensions gives
The exponents p, q, r  are to  be found so th a t the equality is satisfied. A 
se t of three sim ultaneous equations, one for each dimensional unit, can 
be w ritten  from the dimensional equations:
L: 1 = 2q -  r
0 :  2 = 2p (C.10)
T: 0 = -p  -  3q
These are easily solved to  give
p = 1, q = -1 /3 , r  = -S /3  (C.ll)
Thus
®T I(ic) = P E e"1 / 3 ic"5 / 3  (C.12)
which is the required inertial range tem perature fluctuation  wavenumber 
spectrum . Note th a t the t  exponent, -5 /3 , is the same as in the velocity 
spectrum , as expected.
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THE BUOYANCY-INERTIAL RANGE
The developm ent of the combined buoyancy-inertial range tem perature 
spectrum  follows very sim ilar reasoning to  th a t o f the inertial range 
alone, and will ju s t be summarised here.
derived by Lumley [66], and is similar in form  to  the inertial range 
velocity spectrum:
is a wavenumber dependent ra te  of energy transfer, and is a 
function of the to ta l ra te  of energy dissipation, e:
ic^  is defined in Chapter 2, and marks the transition  betw een buoyancy 
and inertial phenomena. The effect of buoyancy forces is to  increase the 
ra te  o f energy transfer a t wavenumbers below In order to  determ ine 
the tem perature spectrum  in the buoyancy-inertial range, assum ption (b), 
given previously, m ust be modified in the following manner:
The fluid velocity spectrum  for the buoyancy-inertial range was firs t




(b2) The statistica l properties of the tem perature fluctuation  depend 
no t ju st upon the to ta l rate of dissipation of kinetic energy, b u t 
directly upon the velocity spectrum.
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This is because the velocity spectrum  in the combined buoyancy-inertial 
range is no longer com pletely determ ined by the energy dissipation rate. 
The velocity spectrum  does, however, include a wavenumber term , so the 
tem perature spectrum  may be w ritten  as
« t b i( k ) = p?P  eq <®VBI(*:»r  (C.14)
Solving a set of dimensional equations, as above, gives
®TB1(c) = P 5 £ - ‘ (® v b i(c )> (C.15)
or
® T B I (lC) = P 5 E’ 1 /3  [ *  + (  t ) 4 / 3  ]  t ~S /3  <C16)
which is the required combined buoyancy-inertial range tem perature  
fluctuation  wavenumber spectrum .
A p p e n d ix  D
D E R IV A T IO N  O F S P E C T R A L  FILTER 
F U N C T IO N S
It is required to  simplify a number o f expressions of the form
£(L,r) = (27ck)2 £}(ic,r) £ di\ J  die (D.l)
by evaluating the inner integral and re-w riting  the expression as
A CO
£(L,r) = 2iu2k2L I <^(c,r) f ( c ) die (D.2)
where f(ic) is the required spectral f ilte r function, obviously given by
«  CD
f U )  = f  Jo d ,l <D3)
These spectra l filter functions are used in the  com putation o f the  spatial 
correlation functions of log am plitude and phase and the log
am plitude-phase cross correlation for plane wave propagation, and the 
variances o f log amplitude and phase fo r spherical wave propagation.
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PLANE WAVES
In the  plane wave case, the integrations are straightforw ard. There are 
three filte r  functions to be found, for the spatial correlation functions of 
log am plitude and phase, and the cross correlation betw een log am plitude 
and phase.
Log Amplitude Fluctuations
For plane wave propagation the relevant function J  for log am plitude 
fluctuations, from  Equation (2.26), is given by
^ ( t i , i c ) = sin2 |j (L 2k ^g ]  <D-4)
Noting th a t
sin20 = ~ (1  -  cos20) (D.5)
and expanding the term  within the square square brackets, to  give
cos
■ - B -
= COS
the integral, Equation (D.3), becom es
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VE> “ l L f1' “‘K 1) ’ sin(*ir)•ln(£kl) 1* ' (D7)
2
The substitu tion  u = ic i j /k  gives
L
L  COS( ^ ) d" = ^  Jo COSUdu = 2^ Sin(JXi) <D 8)
and
L ic
Jo sin (^k1)d11 = M o  sinudu = ^  { 1 + cos( ^ )  } (D 9)
so the  filte r function is now
Ve) ■ l [L - ^  cos(^r) ‘‘“(M
k+ —o sin ( j d k )  { ,  + c o s ( e ! l )  j  ]  (D .10)
and finally, the filter function for use in evaluating the plane wave log 
am plitude correlation function is given by
f U )  = i + (D<11)
X (ic L /k )
P h ase  Fluctuations
The procedure for phase fluctuations is similar. The relevant function J,
from Equation (2.27), is given by
D. DERIVATION OF SPECTRAL FILTER FUNCTIONS 258
= cos2 [ ~  ~2k >lc2]  <D12>
Noting tha t
cos2 0 = |- (1  + cos 20) (D.13)
and using Equation (D.6), the integral, Equation (D.3), becomes
fS(K) = L Jo {' + eot(S^} COS (^S31) + " " ( ^ J  Sin( 4 l)}d,, (D14)
Equations (D.8) and (D.9) may then be used to  give
fs(K) - l [ l + ■^ cos(JTk)sin(£r)
k- o sin
icz (4 1) {■ * i ] <d,s'
so the filter function fo r use in evaluating the plane wave phase 
correlation function is
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C ro ss  C orrelation betw een Log Amplitude and P h ase
The procedure for the cross correlation betw een log 
is slightly  different, b u t still straightforw ard. The 
from  Equation (2.28), is given by
The substitu tion
gives
-4k  f  °f = ~ I  sinu cosu duXS k z L J E f t
2k
and noting th a t d(sinu) = co sudu  leads to
f xS(K) -  A  sin2 ( ^ )
2k
or
r . , .  sin2 (ic2L /2 k )  
Xs  ’  (c 2L /2 k )







which is the filter function fo r use in evaluating the plane wave log 
am plitude-phase cross correlation function.
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SPHERICAL WAVES
In the spherical wave case, the integrations are a little  more complex. 
There are tw o filte r functions to  be found, fo r the  variances of log 
am plitude and phase.
Log A m p litu d e  F lu c tu a t io n s
For spherical wave propagation the relevant function J  fo r log am plitude 
fluctuations, from  Equation (2.35), is given by
S R tI.k ) = sin2 [ <L ~2kL>:211]  (D22)
Using Equation (D.5) and expanding the term  within the square b rackets 
(noting th a t cos(-G) = cos(0)), the integral, Equation (D.3), becom es
Hm -Z J0L{ 1- cos[ £ ,,2- T ,,] } d’1 <D-23)
where the filte r function is now denominated by to  consis ten t
with the useage of Chapter 2.
From tables [63], the following relationship is obtained.
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J  cos (ax 2 + 2bx + c )d x  = j  cos  ^ — —  j  ^aX +
+ sin (D.24)
where C (x) and S (x) are the Fresnel integrals. Thus, the in tegration  in
F F
Equation (D.23) leads to
L - / S M * X / S  ( £ - £ ) ]
The argum ents of the Fresnel functions may be evaluated as
(D.25)





/ 2kL f c f 3 _ e f \ |  = f g r
F tcc 2 \ kL 2k y I „ = L V 2xk
(D.27)
and, noting th a t [67] Cp(-x) = -C p(x) and Sp (-x) = Sp (x), Equation (D.25) 
becomes
e . M  ■
-  / W H £ W / 5 )
+ sin (D.28)
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which is the filte r  function for use in evaluating the  spherical wave log 
am plitude variance.
P h ase  F luctuations
The procedure fo r phase fluctuations is very sim ilar. The relevant 
function from  Equation (2.37), is given by
Using Equation (D.13) and, again, expanding the term  within the square 
brackets, the integral, Equation (D.3), becomes
The same steps as in Equations (D.24) to  (D.28) may then be followed, 
noting the change of sign, which leads to  the resu lt
(D.29)
gs(c) - I  Jo { 1 ♦ cos[ (D.30)
(D.31)
which is the filte r function for use in evaluating the spherical wave phase 
variance.
A p p e n d ix  E
THE R A N D O M  MEDIUM  
IN A  H E A T E D  W A T E R  TANK
In th is Appendix, the application of the wavenumber spectrum  model 
described in Chapter 2 to  the therm al m icrostructure in the experim ental 
tanks is discussed. Because the w ater in a tank is no t stra tified , no 
buoyancy range is expected, and the spectrum  as originally proposed by 
Medwin [8] should be valid. This was confirm ed by the experim ents of 
Chotiros and Smith [343.
The equations used by Chotiros and Smith have been modified to  account 
for the heat loss from the tank sides and the w ater surface, and th is 
will be described in detail where relevant, b u t otherw ise the  necessary 
resu lts  will ju s t be summarised.
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THE WAVENUMBER SPECTRUM
The Medwin tem perature fluctuation wavenumber spectrum , ®T(ic), may be 
w ritten  C8]
®T( t )  =
0
d>m
® ( t / i c . ) m t
0
c < icm
1C *  1C <  1C . m t
t ,  *  IC <  1Ct  p
(E.l)
1C *  1C
p
and th is  is shown schematically in Figure 2.1, which, fo r convenience, is 
























‘Typical* wavenumber sp ec tra  fo r tem p era tu re  fluctuations (solid 
lines) and idealised form (dashes), a fte r  Medwin C8D.
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ic is the  upper lim it of the source range, and form s a low er cu to ff to  
the spectrum ; Medwin [8] showed th a t the contribution from  the  source 
range is negligible and no significant erro r is introduced by se ttin g  the 
spectrum  level to  zero in the source range. From Equation (2.5), ic is 
given by
6
ic = K * Y  (1/L  ) (E.2)m * m
m=l
where the  L are the distances to  the sides, surface and bo ttom  o f the m
tank. C hotiros and Smith [34] empirically determ ined value of the 
co n stan t K to  be 1/2 in the tank environment, and a t the cen tre  o f the 
tank, Equation (E.2) simplifies to
ic = 2 t c ( 1  / S  + 1/w  + 1 /h ) (E.3)m
where S  and w are the tank length and w idth respectively, and h is the 
depth o f the water.
The upper lim it of the inertial range, iCp, is se t by the Pao wavenumber, 
as in Equation (2.8):
K = (e /D 3)1' 4 (E.4)
P
where e is the rate  of dissipation of kinetic energy per unit m ass and D 
is the therm al diffusion coefficient of water.
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The wavenumber defining the transition  between the source and inertial 
ranges, ict , was given by Medwin C83 as
ic. = 0-5 (ic ic )1/2 (E.5)t  m p
and an approximation to  the correlation scale o f the fluctuations, a, 
which assum es th a t the contribution to  the correlation function from  the 
source and dissipative ranges is negligible, is given by [8]
a = 3*9 ( ic ic )"1/2 (E.6)m p
The peak spectral level, ®m , may also  be obtained from  a sim ilar 
approxim ation [8] as
® = 2 <T2> / 5 ic. (E.7)m t
w h e re  <T2> is  th e  m ean sq u a re  te m p e ra tu re  f lu c tu a t io n ,  w h ich  m ay 
be  e s t im a te d  as d e sc r ib e d  b e lo w .
TEMPERATURE FLUCTUATION LEVEL
An estim ate of the mean square tem perature fluctuation  was made by 
Chotiros and Smith [34] as
<T2> = ( it /8 )  [ ( H /C  )2 (dT/dp) (1/hgpA2) ] 2/3 (E.8)
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where H is the heater power input, Cp is the specific heat of w ater, p is 
the density  of the w ater, g is the acceleration due to  gravity and A is 
the to ta l open area o f the grid covering the  heaters.
This equation, however does n o t account for heat loss through the sides 
of the tank and the w ater surface, which was considered significant with 
the se t-u p  used in the p resen t experim ents. I t  may be assum ed th a t the 
ra te  o f heat loss is proportional to  the  difference between the w ater 
tem perature, T, and the am bient tem perature of the surrounding air, T . 
Thus, the  heat input term , H, in Equation (E.8) may be replaced by the 
expression H -  U(T-TQ), where U is the heat loss in w atts  per degree K 
above ambient, and Equation (E.8) becomes:
<T2> = ( i t /8 )  [« H  -  IMT -  T0 ) ) / C  )2 (dT /dp ) (1 /hgpA 2) ] 2 /3  (E.9)
It is n o t practicable to  predict the value of the param eter U, b u t it is 
easily determ ined experimentally: From the definition of specific heat, Cp, 
the expected rate of tem perature rise is given by
6T  = H -  U(T -  Tp) (E 10)
d t MCp
Using the  conditions th a t initially T = T , and eventually, when the ra te  
of h ea t loss equals the power input, the tank will stabilise  a t a 
tem perature  Tj. = TQ + H /U , Equation (E.10) may be solved to  give
T = T0 M T f - T 0 ) ( l - e x p { MCp(-Ty -r - - } ) (E.ll)
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The param eter U may thus be found either by allowing the  tank to  heat 
up until the tem perature se ttle s  a t Tp or by taking a num ber of 
tim e/tem pera tu re  m easurem ents as the w ater warms up and finding the 
value of Tj. th a t b e s t fits  Equation (E.ll) to  the data. Such a procedure 
m ight also be carried ou t if the heaters are turned o ff and m easurem ents 
taken as the tank tem perature falls, b u t the ra te  of heat loss is likely to  
be low er w ithout the heater driven convective circulation of the w ater.
RATE OF DISSIPATION OF KINETIC ENERGY
Lastly, it  is possible to  estim ate the ra te  of dissipation of kinetic energy, 
e, which is a fundam ental param eter in the description of the tu rbu len t 
m otion. Since a s ta te  of energy equilibrium is predicted by the turbulence 
theory, i t  follows th a t the ra te  of dissipation of kinetic energy m ust 
equal the rate  of kinetic energy input, which in tu rn  is equal to  the ra te  
of lo ss  of potential energy. Chotiros and Smith [34] determ ined th is by 
estim ating the mean convective flow velocity of the w ater, and gave the 
re su lt as
c = (h g /p )  (H /M C p) (dp/dT ) (E.12)
Once again, this equation does not account for heat losses, and m ust be 
modified in the same manner as Equation (E.8), to  give
e = (h g /p )  ((H -  U(T -  T0 )>/M C ) (dp /dT ) (E.13)
A p p e n d ix  F
THERM AL P L U M E S
Present understanding of the physics of the therm al plum es th a t form  
above a source of heat in a fluid, and the motions of such plum es, is 
unfortunately  relatively meagre. Some experim ental studies of these 
phenom ena have been reported  and the relevant portions of the principal 
papers are discussed below.
An early paper by Forstrom  and Sparrow [68] summarises experim ents on 
the buoyant plume above a heated horizontal wire. The experim ents were 
carried o u t in air with a wire 1.0mm in diameter. The au thors were 
careful to  use an isolated, windowless room, free of draughts. 
N evertheless, they found th a t the m easured tem peratures varied 
appreciably with time, and subsequent visualisation of the flow  field with 
a Schlieren system  revealed th a t the plume was swaying to  and fro  in a 
plane perpendicular to the axis of the wire. To fu rther reduce spurious 
air currents, an isolation enclosure, 0.8m x 0.6m x 1.1m high, was b u ilt 
around the wire.
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Individual experim ents were distinguished by the quantity  o f heat Q
dissipated per unit tim e per unit length of wire, which varied from
0.85 Wm’ 1 to  17.1 Wm"1. The tem perature field was m easured a t
elevations ranging from 1cm to 38cm above the heated wire. The 
enclosure appereciably reduced the swaying of the plume, b u t some 
swaying nevertheless persisted, and these m otions were regarded as a 
characteristic of natural convection plum es.
The flow  was always laminar up to  15cm above the wire, b u t a t higher 
elevations, depending on heating rate, the flow would som etim es be 
turbulent. The swaying of the plume was m anifested by a periodic 
oscillation in the tem perature a t a fixed point above the wire where the 
flow  was laminar. The period was of the order of 1 minute. Turbulence 
was distinguished from laminar flow  by the fac t th a t the tem perature 
fluctuations were erratic ra ther than sm oothly periodic, although the 
response of the available instrum entation was not fa s t enough for valid 
m easurem ents of the fluctuations to  be made. It was noted  th a t the 
plume became wider when the flow became turbulent.
The f irs t system atic study of the swaying motion of plum es was
conducted by Aiba and Seki [691. The heating elem ents were 40cm long
strip s  of stain less steel foil of w idths 1, 2 and 3cm. The experim ents 
were carried out in transform er oil and spindle oil.
The primary re su lt of the study was the manner in which the plume 
swaying frequency varied with the height, h, of the free surface o f the
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oil above the heating strip. The data are fairly well explained by the 
empirical form ula
f = 1-37 x 10~3 (Gr d /h ) 1 /2 / d 2 (F.l)
where f is the swaying frequency of the plume, d is the w idth of the 
heating strip , and Gf is a G rashof number. The la tte r  is not explicitly 
defined in the paper, bu t is of the form.
Gf = (d /v )3 gf$Q /pC  (F.2)
where v is the kinematic viscosity, $ is the coefficient o f therm al 
expansion, p is the density o f the fluid and is the specific heat a t 
constan t pressure.
The resu lts  suggest th a t the swaying frequency is independent o f the 
heating foil’s width d, which is reasonable because the strips  w ere much 
longer than they were wide, so the swaying frequency is about the same 
as if the source were a wire of indeterm inate sm all diam eter. It also 
appears th a t the swaying frequency varies inversely as the square ro o t of 
the fluid depth h. It may no t be appropriate, however, to  assum e th a t 
these re su lts  apply to the presen t tank experim ents because o f the 
differing physical properties of oil and water.
A combined experimental and theoretical study of plume swaying in a 
rectangular tank partially filled with w ater was reported by Eichhorn and 
V edhanayagam  [703. T hese  e x p e r im e n ts  u sed  a lo n g  w ire  c a r ry in g  an
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electric current as a line source of heat, and the la teral ex ten t of the 
tank, corresponding to  the line source length L, could be varied. The 
plum es were made visible by incorporating a thym ol-blue dye-producing 
elem ent in the ou ter steel sheath of the heater wire, and either 
horizontal or vertical thin cross sections of the flow  field could be 
illum inated with collim ated light from a slide projector.
The photographs, taken from  above, of horizontal cross sections showed 
th a t for a given set of conditions the plume swayed a t a co n stan t 
frequency and the plume shape tended to  remain fixed in the  sam e way 
th a t the shape of a vibrating string remains fixed when the  s tring  is 
vibrating in a natural mode. Plume shapes were distinguished by the 
num ber of nodes and it was found th a t there m ust be an in tegral num ber 
of nodes along the line source length, and th a t the ends of the  source 
m ust coincide with an antinode. The number of nodes varies as a function
O O 4
of the param eter (gh /v  ) . This number is independent o f the  heater
power, and the more shallow  the fluid, the greater the num ber of nodes. 
There m ust be a t least 2 nodes, and the change from 2 to  3 nodes
O O 4 ✓ 'l
occurs when the param eter (gh /v  ) decreases from  above to  below  
1650; the change from 3 to  4 nodes occurs when this param eter decreases 
from  above to  below 1350.
For the preliminary experim ents in the p resen t study, h was o f the  order 
of 0.5m, and for fresh w ater a t 20°C, v is o f the order of 1 x 10-6 , so 
(gh3/v 2)1/3 * 1 x 104. The large value of this number com pared to  the 
values cited in the preceding paragraph (which arises because o f the 
g rea ter w ater depth h in the present experim ents than th a t used by
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Eichhorn and Vedhanayagam) implies th a t there should be only 2 nodes in 
any swaying plum e th a t occurred in the p resen t experim ents.
A w avelength X is associated with a given plume shape. This wavelength 
is tw ice the  d istance between nodes; the  line source leng th  L should be 
an in tegral num ber of wavelengths; the ends of the source m ust coincide 
w ith antinodes. With such a definition, fo r 2 nodes the wavelength X 
should be equal to  the line source leng th  L. The swaying frequency is 
then given by
f = (g2/v )1/3 O Q /0)°-3 Pr"°-36 (gh3/v 2)"11/3 <l>(h/X) (F.3)
and
[ , / x  1 1/2 
1 + (X./2jch) J
where 0 is the  therm al conductivity o f the w ater and Pr is the Prandtl 
number, taken as 7 for fresh water.
For typical conditions in the preliminary experim ents, Equation (F.3) yields 
frequencies in the range 0.0013Hz to  0.0009Hz, corresponding to  periods 
betw een 12 and 18 minutes, which is in agreem ent w ith the  tim escale of 
the observed variability in the tem perature fluctu tions. The much higher 
frequencies of the oscillatory phenomena m ight be explained in various 
ways, b u t it should be noted th a t Equation (F.3) applies only to  tu rbu len t 
plum es. A non-tu rbu len t plume would be very much narrow er than a 
tu rb u len t one, so the effective mass o f w ater involved would be less and
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the natural frequency higher. Alternatively, it is no t a t all unreasonable 
to  suppose th a t as the conditions are so d ifferent from  those  described 
in [70] th a t higher order modes of oscillation could be stable.
The geom etry of therm al plumes, for bo th  laminar and tu rb u len t flow 
was investigated by Pierce [71] in connection with the propagation 
experim ents being carried ou t by Posey [35]. He found th a t a laminar 
plume does not spread greatly  beyond the width of the heating elem ent -  
about a centim etre in the  p resent experim ents. For tu rb u len t flow, 
however, the width of the plume is much greater, increasing 
approxim ately as 0.3 tim es the height above the heaters. The spacing 
between heaters in the sm all tank was 20cm, So it is clear th a t a t 
m id-depth (about 25cm) there  would have been several centim etres of 
unaffected w ater between plum es rising from  adjacent heaters.
For the preliminary experim ents, it would seem th a t if the  spacing 
betw een heaters had been reduced, to  10cm say, then tu rb u len t plumes 
rising from  adjacent elem ents would overlap and in teract. Provided 
param eters such as the heater power and w ater depth were chosen so 
th a t the Reynolds number of the convective flow was adequate, this 
would ensure th a t the entire w ater volume above a given height above 
the heaters would be turbulent, and effects due to  plume swaying would 
no longer occur.
A p p e n d ix  G
G EN E R A T IO N  O F THE R A N D O M  P H A S E  
A N D  AM PLITUD E D A T A
In this Appendix the m ethod used to  generate the random  phase and 
am plitude data for the array beam pattern  sim ulations is described. 
Assuming th a t the relevant spatial correlation functions are known from  
the propagation theory of C hapter 2, a numerical sequence representing 
the fluctuations can be obtained by a variety of m ethods. A technique 
described by Buckley [58] has been used in the p resen t work, and the 
following description closely follow s the Appendix to  his paper.
The basic procedure consists of forming a weighted moving average filter, 
with weights derived from  the required spectrum  or correlation function, 
and using this to  modify a sequence of com puter generated  random 
num bers uniformly distributed betw een 0 and 1. The re su lt is a new 
random sequence representing phase or amplitude sam pled a t specified 
intervals along a stra igh t line in space, and having the desired spectrum  
or correlation function, as follows:
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Let R. be the sequence of pseudo-random  num bers uniformly d istributed 
betw een 0 and 1 generated by generally available com puter routines, 
where i = 1,2, . . ,M and M is even. Also le t
P. = R. -  1/2 (G.l)
so th a t P. is uniformly distributed betw een -1/2 and 1/2. Then the mean 
of P. is zero, and its  variance is 1/12 [59]. A rela ted  sequence may then 
be defined:
M -i+ l  M
*1 - 2 wjPj+i-l + 2 wj Pj+i-l-M (G-2>
j=l 1 1 j=M -i+2
where the w  ^ are weights to  be determ ined. This circular form  of running 
average is denoted by the symbol Zr , and thus
M
*1 -  2 r wj PH - l  <G-3>j = l J J
If M is large, i t  follows from the central lim it theorem  th a t the se t of 
num bers {0.} will possess a Gaussian distribution. The numbers 0. are no 
longer independent, bu t the P. are, so the correlation coefficient of the 
sequence {0.} is [58]
M
^0 -0 - 1 *y = ITT ^  w. w. , . (G.4)i i+k-1 12 j j+k-1
2
and the variance > is
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M
(G.5)
The discrete  form of the correlation function of <f>% C^, is
(G.6)
It may be shown to follow from  the form  of the circular running 
average, £ r , th a t this correlation function is symmetrical about the 
’aliasing’ value k = M /2 + 1, ie
Ck “ CM-k*2 (G 7)
The sequence {#.} is to represent the  random phase or am plitude 
sequence, sampled a t intervals AX, so th a t
In a sim ilar manner the correlation function represents the continuous
(G.8)
one, thus
Ck = C [(k  -  1)AX] (G.9)
The power spectrum  of 0, obtained from  the Fourier transform  of the 
correlation function, is given by
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A 00®( k ) = 1  f  C(X) exp(iicX) dX (G.10)
2 k  J-00
of which the discrete representation is 
M
q>U) = - L  y  C. . , /0 exp(iicX.) AX (G.ll)2 k  J -M /2  f  j
Equation (G.ll) may be rearranged, making use of the fac t th a t is 
periodic in k with period M, to give
M
®k = ® (ck) = —  2  Ci exp{2iti(k -  l)(j -  1 )/M ) (G.12)2it J
where
ick = (k -  UAic (G.13)
and
AK -  m k  (G14)
The d iscrete  spectrum  in the form of Equation (G.12) is periodic in k w ith 
period M, so the negative wavenumbers (k £ 0) are effectively represented 
by the  aliased values (M/2 + 1 £ k £ M).
The spectrum  ®k can now be expressed very simply in term s of the 
w eights w^, and hence, for a specified the  w eights can be found and
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the required random phase or am plitude sequence generated. To do this, 
use is made of the discrete convolution theorem  which, in term s of the 
p resen t application, s ta tes  th a t the Fourier transform  of a discrete 
convolution of two sequences in space is s im p ly  the product of their 
individual transform s in the wavenumber domain. Applying th is to  
Equations (G.12), (G.6) and (G.4) gives
where is the discrete Fourier transform  of the sequence (w^}. w^ may
be taken as real, and is given by
achieve the desired standard deviation, m ust be norm alised so th a t
(G.15)
(G.16)




or if O(c) is in analytic form
OO
(G.18)
{0^} m ust be aliased about k = M /2 + 1, or the weights w^ will no t be 
real. The procedure is to assign values to  appropriately from  k = 1 to  
M /2 + 1, and then to  assign the remaining values using the rule
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©k = ® M -k+2 5 M /2  + 2 31 k * M (G19)
As m entioned previously, these values of k are equivalent to  the negative 
wavenumbers.
I t is n o t in fac t necessary to calculate the  weights Wk themselves. 
Applying the discrete convolution theorem  to  Equation (G.3) allows the 
generation of the required phase or am plitude sequence to  be carried ou t 
in the wavenumber domain. The resulting equation is
^k  = ™kPk (G.20)
The procedure to  se t up the random sequence consists therefore of the 
following steps:
1) From the required power spectrum  (appropriately aliased), 
standard deviation and sampling in terval, calculate the Fourier 
transform ed weights using Equation (G.16).
2) Compute a sequence of random num bers {R.}; i = 1, . . . ,M using 
the standard routine, and remove the  mean level (Equation (G.l)) 
to  give (P.).
3) Obtain its  transform  {P^ using the  FFT.
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